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ABSTRACT 

This paper is devoted to homogenization of partial differential operators to use in special structure that is a 

plate allied to an elastic foundation when it is situated through the basic loads (especially with the harmonic 

forces) with a Non-axially deformation of the cantilever. Furthermore, it contains the Equations of motion that 

they can be derived from degenerate Non-linear elliptic ones. Through the mentioned processes, there exists 

many excess works related to computing the bounded conditions for this special application form of study (when 

the deformation phenomenon has occurred). At the end of the article whole results of the study on a circular 

plate are debated and new ways assigned to them are discussed. Afterwards all the processes are formulised 

with the collection of contracting sequences and expanding sequences integrable functions that are intrinsically 

joints with the characteristic functions to expanding the behaviour of an elastic foundation. Thenceforth all the 

resultant functions are sets and compared with the other ones (without the loads). Sample pictures and analysis 

of the study were employed with the ANSYS software to obtain the better observations and conclusions.   

KEYWORDS: Intrinsically Joints, Contracting Sequences, Nonlinear Equations, Elastic Foundation, 

Differential Operators, Cantilever   

I. INTRODUCTION 

Important classes of equations that they can actually be solved are the linear ones. It is noticeable the 

differences between a plate which is lie on an elastic foundation when is not loaded, and the same 

case with loaded, however, by axial forces. Therefore, rp  should be assumed equal to zero (that is 

related to the pressure on the internal wall of the elastic foundation), and it should be taken / 4ϕ π=  

in the argument of
i

e
ϕρ . [1] In every rotation of a cylindrical plate that is attached to the foundation, 

it worthy to be mentioned the behaviour of the two sections that are rotating with one another; these 

facts are originally related to the place of adhesion. [2]  

                        

                   ( ) cosf t = ΘΓΛ Φ   

 

 

 

 

 

 

 

Figure.1: Schematics of the cylinder with the Harmonic forces - f(t) – that 

Occurred, which they caused the rotation of the cantilever 
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Table.1: components of the harmonic forces f(t) 

 
 

 

 

 

 

 

Figure.1 is the schematics of the cylinder with the cantilever attached to it, when the harmonic forces 

are acts on the plate of the cylinder and caused the deformation of the foundation. In fact attitude of 

the loading was demonstrated and it means the model of the structure, which is related to this study. 

[3]  

II. RELATED WORK 

As a matter of fact the primary process of the loading by the harmonic forces on the elastic foundation 

is very exquisite, because of the location of adhesion presumably going to be fractured. Last statement 

is originally related to the fraction phenomenon. Status of the cylinder location was demonstrated in 

Figure.1, and all the objects and units that we needs to analyse could be noticed from Table.1. 

Figure.4 shows us the status of the cylinder in the 2D and 3D mapping page on the x-y coordinates by 

the ANSYS software. [4] When the elastic foundation attached to the centre of the structure, fraction 

phenomenon is going to be increased in the adhesion location of the body and cause the deformation 

of the elastic part.  

To the further describing the deformation of the cantilever, let assumed the loaded around the circle, 

edge freely supported and then setting uniform force p acting on it, it follows: [5, 6] 

 

 

 

 

 

 

 
 

 

Figure.2: a divided plate into two regions, one for  x r<  and the other for  x r>  

At x r=  the values ofθ , y and 
xy

M must be the same for both regions 

 

• If x r< , 0w =  and 0P = then from the equation: 

[1] . 1 2

2

C x C

x
θ = +  

And from the equation: 

[2] . 
2

1
2 3

4

C x
y C Lnx C= + +  

Since θ  and y  are not infinite at 0x = then 2 0C =  and since 0y =  when 0x =  and 

3 0C =  then above equations reduce to: 1

2

C x
θ =  and, 

2

1

4

C x
y =  

• If x r>  and 0w = ; then from the equation: [7] 

3. ( )
' '

1 22 1
8 2

C x CPx
Lnx

D x
θ

π

 
= − − + + 

 
 

And from the equation: 

Symbol Unit Object 

Θ  1
st
 Order Coefficient  

Γ  1
st
 Order Coefficient 

Λ  1
st
 Order   Coefficient 

Φ  Degree ( )i
e

θ o
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4. ( )
' 22

' '1
2 31

8 2

C xPx
y Lnx C Lnx C

Dπ

 
= − − + + + 

 
 

Moreover equating the values of θ  and 
xy

M at x r=  gives the following facts: 

5. ( )
' '

1 2 1Pr
2 1

8 2 2

C r C C r

D rπ

 
− − + + = 
 

 

Then;[8]  

6. ( )
' 2 22

'1 1
2

Pr
1

8 4 4

C r C r
Lnr C Lnr

Dπ

 
− − + + = 
 

 

And; 

7. 
' '

1 2 1

2

1 1 1 1 1
1 2 1 1 1 1

8 2 2

C C CP
Lnr

D m m m r m mπ

               
+ + − + + − − = +              

               
 

When 0
xy

M =  at x R=  gives: 

8. 
' '

1 2

2

1 1 1 1
1 2 1 1 1 0

8 2

C CP
LnR

D m m m R mπ

           
+ + − + + − − =           

            
 

From equations 5 to 8, all the constants can be found to be: 

� 
2 2

'

1 2

1
1

2
14

1

P R r mC
D R

m

π

  
−  −

= +  
  +
   

 

� 
2

'

2

Pr

8
C

Dπ
= −  

� ( )
2

'

3

r
1

8

P
C Lnr

Dπ
= −  

And the central deflection of the foundation is given by the value of y at x R= and by swap 

equation number 4, reduces to: [9, 10] 

9. ( )2 2 2

1
3

18
2 1

P Rm
y R r r Ln

D r

m

π

  
+      = − × − 

    +    

 

• Then for x r> we have: 

 

10. 2

2 2

1 1 1 1
1 2 1

8
xy

P
M Lnx r

m m x Rπ

        
= + + + × −        
        

 

This has the max value when we set x r= ; 

Hence from the equations: 

11. 
3

12
x xy

f M
t

µ
= ×  

12. 
3

12
z yz

f M
t

µ
= ×  

Those are originally sets for the Figure.3, 
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Figure.3: Circular Plate with the Symmetrically Loaded. 

 

For this study we have: [11, 12] 

13. 
2 2

2 2 2

6 3 1 1
1 2 1

4
xy

P R R r
f M Ln

t t m r m Rπ

∧   −       
= = + + −         
         

 

In the same manner: 

14. 
2 2 2

2 2

1 1 2
1 2 1

8
yz

P R R r r
M Ln

m x m R xπ

  −      
= + + − −        
        

 

Finally: 

15. 
2 2

2 2

3 1 1
1 2 1

4
z x

P R R r
f Ln f

t m r m Rπ

∧   −     
= + + − =       
       

 

 

Mentioned equations are formulised to the prime of the study, and they clearly demonstrated 

as simple equations, for the deformation of the cantilever. [13, 14]  

 

II.1 Simulation With The Software (ANSYS) 
 
It is highly recommended to using the ANSYS Software in the mechanical engineering to modelling 

the behaviour of the materials and then finding the reasonable functions from the mathematics science 

to modelling the processes. [15] All the methods, which are used to model in this study, are based on 

the relational operators between the mechanical engineering and the applied mathematics, for the 

study on the deformation of the elastic foundation. [16] 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

 

Figure.4: a) 2D and b) 3D picture of the cylinder and the plate that is attached to it 

 
In the next sections, all parts of the cylindrical structure are going to be considered and the 

mathematical modelling of the structure is going to be discussed and set. [17] 
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Figure.5: coordinate system of a problem 

 

The problem of circular plates subjected to uniform or harmonic loads is one of the classical problems 

in elasticity theory, which also is encountered frequently in practice. Timoshenko and Goodier (1970) 

presented a three-dimensional solution for uniformly loaded isotropic circular plates with simply 

supported edges. [18, 19] Analytical solutions of isotropic circular plates with either remained or 

simply supported edges subjected to a uniform load, which were derived based on thin plate theory 

with Kirchhoff hypothesis, can be found in (Timoshenko and Woinowsky-Krieger, 1959). [20] 

Lekhnitskii (1968) investigated problems of anisotropic circular plates with clamped and simply 

supported boundaries. In the next section behaviour of the loads and forces are discussed and the 

equations of them to be reflected the deformation of a foundation are stablished. [21, 22]  

     

III. EQUATIONS OF THE SECTIONS AND PARTS OF THE STRUCTURE  

It should be beginning with the equations of a plate that is loaded by a concentrated force p  has the 

form of:  

1. 
2

0 0( ) / (4 )r iP f D D r rϖ γ ε= → = −  

Table.2: Situation of loaded forces on a circular plate 

 

By integrating EQ.1, which is the basic influenced function for the condition of 1p = , it can be 

obtained the basic solutions for some special problems, which are generated and contents addressable 

in table.2. [23] Let assumed specific kind of the loading for the sampled force that is stated on the 

Table.3. It's been already mentioned in Table.3   a sample structure and it properties. It can be 

obtained the Young's modulus of the elasticity of 200Gpa, which is originally related to the property 

of the elastic foundation with the loading forces in the axially and non-axially orientation of the 

situated structure. All the solutions for this special problem are satisfied with the equations and 

formulas as follow. [24] 

    

 

 

 
 

shape Load  Object Units 

Outer circular plate op  1
st
 order tensor m 

Inner circular plate  ip  1
st
 order tensor m 

 

I 2
nd

 order tensor 1 
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Table.3: Special problem about the loading with the specific properties 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Also a plate which is loaded by the uniform forces cosq nθ  that are distributed in the circumferences 

which are reduced in radius and they can be denoted byα . [25] This kind of consideration already 

used in the principles of the actions, in reply to above study that is represented the deflection at a 

specific point with the coordinates ,γ φ  in the form of: 

 

2. 
23

2 2

0

0

( 2 ( )) cos
4

q l
w f n d

D

π
α

α γ αγ θ φ θ θ= + − −∫  

In order to compute the mentioned integral (EQ.2), it is very aposematic to use the additional 

formulas for the cylindrical structure that it can be followed by: 

 

3. 2 2 '

0

0

( 2 ( )) 2 ( ) ( ) cos ( )
n n

n

z J Z nα γ αγ θ φ α γ θ φ
∞

=

+ − − = −∑  

EQ.3 is clearly exemplified a new generation of integral formula for the cylindrical structure and the 

most important remark in this kind of study is to observe the sign ' into the 3.formula, which is 

introduced as a coefficient 1/2 for each n=0 case. This formula holds for .α γ≤ Ifα γ≥ , then should 

be interchanged α  and γ  in the right hand side of the EQ.3, and then we have:  

4. 
(1) 2 2

0 0 ( 2 cos( ))z H i α γ αγ θ φ= + − −  

 
The first major problem is to access the best results, and then it is much recommended to use 

imaginary regions in the EQ.4, which they can be, took into the real parts, and then it can be 

converted to the following as an imaginary function: [26] 

 

Forγ α≤ : 

5. 
3

1 [ ( ) ( ) ( ) ( )]cos / (2 )n n n nw w ql u f g n Dπα γ α ν γ α φ= = −  

 

Forγ α≥ : 

 

6. 
3

1 [ ( ) ( ) ( ) ( )]cos / (2 )n n n nw w ql u f g n Dπα α γ ν α γ φΙ= = −  

According to the recent studies on the mathematical applications in the imaginary regions, we 

are exemplified all the results, with the imaginary coordinates. Equations 5 and 6 are replaced 

Inputs 

Loading: 
Ring Loading Pr = 15N/M 

Loading Radius rL = 0.25m 
 

Geometry: 

Outer Radius ro = 0.5m 

Inner Radius ri =  0.1 

Thickness h =  2mm 
 

Material: 
Young's modulus E= 200GPa 

Poisson's ratio =  0.3 
 

Output: Unit of displacement w =   3mm 
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too, from the real ones, as imaginary functions for simplicity. When n=0 set on those (EQ, 5-6), then, 

they can be obtained in the changed form, and then they can be used in the axially symmetric 

problems. 
The main issue that is stated in this article is to find the relationship between the nonlinear elliptic 

equations on a circular plate and the applications of oriented Differential equations, when an elastic 

foundation is going to crammed on the structure. It is well known that, the solutions are not always 

minimals of the functional. In general, they are stationary solutions. Consider for example to one of 

the parameters that is very important to remark, which is the elastic foundation (this condition is one 

of the conditions to cause of using the differential equations for modelling the structures as the same 

case). Presented study is complicated the conditions because of it should be focused on the forces and 

then presumably they can effect on a deformation of a whole shapes of the result, then it is very 

important to use an adaptable elastic cantilever to cause the minimum deformation. These conditions 

are generally related to the nature of the elastic materials. After try to find the nonlinear equations in a 

circular plate, now we should scrutiny to the adaptable and affecting parameters that are sets in the 

Table.4. In Table.4 three terms are stated. Stress (T), Strain rate (D), Unity Tensor (I). Term T is one 

of the orders has a different meaning, and is very important to contradistinguish between one 

another's. This term is essentially broached to show the stress imposed, when the forces are going to 

act on the structure. Anyhow this vaudeville is very common way to expose the differences between 

the symbols. It can be obtained from the Table.4 all the variables of the tensors, but they have variable 

reflected in the different locations, which they are actually based on the model of the structure. 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 
                                   

Figure.6: The rotationally symmetric torus, embedded in R3 

 

Unity tensor (I) is very important Term to the simulation of the accurate equations. Last statement can 

steerage the engineering models with the nonlinear equations in the mathematics science.  

Table.4: Properties of the forces that are caused the deformation of an elastic foundation 

      

 
 

  

 

 
 

There are regular inspections of the equations, while should be explained some notations and 

preliminaries. And they must be companionship with the new methods (LEMMAS'). The thorough 

analysis of the solution in the next part is the objective of this article. 

III.1  PRELAMINARIES AND NOTATION  

Let
p

Aν ∈ , 1K ≥  , then Let ( )nγ be a family in ( )
p

A K  and Let Ω  be an open bounded set. 

Quantity Symbol Object Units 

stress T 2
nd

 order tensor N/m
2
 

strain rate D 2
nd

 order tensor 1/s 

unity tensor I 2
nd

 order tensor 1 
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Let ( ha ) be a family of functions satisfying: [4] 

(1) 
1

p

h h y
f Da d CγΩ ≤ ∞p  For every h N∈ . 

(2) There exists a function 
1,

( , )
p

u W υ∈ Ω such that hu u→ in
1
( )l Ω . Moreover Let ( ha ) be a family 

of vector functions in 
nR  such that.  

(3) 
1 ( 1)

2

q p

h h y
f a d Cγ − −

Ω ≤ < ∞  For every h N∈ . 

(4) ( ) ( )
h

div a f L
∞= ∈ Ω  On 

1

0 ( )C Ω  for every h N∈ . 

(5) There exists  
1 ( 1)( , )

n
q pa L υ− − ∈ Ω   such that ha a→  weakly in

1
[ ( )]

n
l Ω . Then: 

6. ( ) ( ), ,
hh ua D d y a D u d yζ ζ

Ω Ω

→∫ ∫  

For every
0 ( )Cζ ∞∈ Ω . (First LEM) 

When the domain of the integral is divergence to ∞  , then it can be converted to the sigma as an 

indefinite series of the numbers. [27] This kind of changing of the equations should be plain sailing 

from now on. All the proposed processes can be checked into the different problems. 

7. 
0

( )[ c o s s in ]
n n n

n

q a n b nζ θ θ
∞

=

= +∑ �  

EQ.7 with the helpmeet of the last formulas 5&6 made the easy way to construct the basic solutions 

for the loading that it can be represented by: 

8. 
1

[ c o s s i n ]n

n n

n

q a n b nξ θ θ
∞

=

= +∑  

9. 
1

[ co s s in ]
n

n n

n

q a n b nξ θ θ
∞

−

=

= +∑  

When n is a positive integer ( 0n > ), then the integrating process is going to be simple from the last 

ones. [28] If we remind all the previous formulas, which they are basically equated from the Bessel 

functions, and then we have: 

10. 
1

[ ( ) ] ( )n n

n n

d
z J z z J z

d z
−=  

, 

11. ( 1 ) ( 1 )

1[ ( ) ] ( )n n

n n

d
z H z z H z

d z
−=  

Because the EQs.10-11 have an imaginary parts, then we can set z iξ= as a relationship between 

the real and imaginary parts of the equation, and then should be integrating and dividing them into the 

real and imaginary ones. Then it can be observed one of the simple ways that is dividing the 

complicated equations of functions into the simple ones.  

The current model is clearly converged to the simple functions, that they are just demonstrated the 

whole shape of the cylindrical structure of this study, but this is true, just when it works in the 

imaginary region. Then it should be followed by:   

 

12. 1
( ) [ ( ) ( )] 2,n n

n n n
u d uξ ξ ξ ξ ζ υ ξ− = +∫  

  

13. 1
( ) [ ( ) ( )] 2,n n

n n n
u d uξ ξ ξ ξ ζ υ ξ− = − −∫  

 

14. 1
( ) [ ( ) ( )] 2 ,n n

n n n
f d f gξ ξ ξ ξ ζ ξ− = +∫  
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15. 
1
( ) [ ( ) ( )] 2 ,n n

n n n
g d f gξ ξ ξ ξ ζ ξ− = − −∫  

 We can easily consider the solutions of the loading which they varied from one another and those are 

related to the properties of the elastic foundation, when we used them across the cylindrical structure. 

[29] Presented study exposed a circular plate that is lying on an elastic foundation and modelled it, 

with the different equations and then derived the best and suitable functions for the results. [30]  

IV. CONCLUSIONS AND RECOMMENDATIONS 

Procedures that are used in this paper, essentially related to the application of the nonlinear equations 

into the special problem.The latter could not accommodate dissipative processes, but the enlarged one 

does. Recurring to the classical dissipative formulation then requires this Projection or “return to 

reality”. In the mean time, a variational formulation has indeed been proposed. This article utilized all 

the nonlinear equations to solving in a special problem in the mechanical engineering, which was the 

deformation of the elastic foundation with a cylindrical plate attached to it, when it comes to be 

situated on a loading position. There is scope for further work. This conventional approach of study 

can be follow and continue to rise an advanced statements, with an equating the Nonlinear equations 

to the special cases with the determinate material. The presented approach can be extended to the 

other rotational symmetric shapes. The transmission coefficients of incoming waves can also be 

described by this approach. The presented paper takes on a deterministic approach to analyze the 

nonlinear equations on a circular plate with the special kind of the material. [31] And we may 

conclude that the stability analysis of the same structures calls for further research.  
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