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ABSTRACT

In this paper a new reverse converter architecture for the five moduli set {2", 2"?-1, 2"?+1, 2"+1, 2*"'-1} is
presented. The proposed converter is designed in two levels architecture by using of New Chinese Reminder
Theorem-1 (New CRT-I) and Mixed Radix Conversion (MRC). The proposed architecture has achieved
significant improvement in terms of delay of the reverse converter compared to state-of-the-art reverse
converters.
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I. INTRODUCTION

The residue number system is non-weighted number systems. Using this property has the advantages
such as carry free operations, parallelism, fault tolerance and low power design in very large scale
integration technology [1]. Speed up arithmetic operation in residue number system obtains by
decomposing large binary operation into smaller residues. Therefore large number computations are
replaced by smaller parallel operations. During the past decade, RNS has been widely used in the
applications which requires intensive computation such image processing [2-3], Digital Signal
Processing[4-6], and cryptography [7-9]. RNS based processors, unlike the binary systems,bear the
extra cost of two components. These two components are the binary-to-residue (forward)and residue-
to-binary (reverse) converters. Forward converter, converts thebinary number into its equivalent
residues and reverse converter, converts the residues into their equivalent weighted number.
Arithmetic unit is the core of RNS which performs arithmetic operations required by the application
in parallel without carry propagation between residues digits. Reverse converter is a difficult process
that affects the performance of the RNS. Form of the moduli set and number of moduli that chosen for
RNS processor affects on dynamic range, speed and its VLSI implementation [10]. Different moduli
set have been suggested for RNS. Most popular moduli set for past decade was {2", 2"-1, 2"
+1} where efficient reverse converter for this moduli set reported in [11]. For more parallelism four
and five moduli sets are presented such as {2", 2'—1, 2"+1, 2*"*'—1}, {2, 2"—1, 2"+1, 2*"+1}[12], {2",
2"-1, 2"+1, 21, 21} [13], {2% 2"-1, 2"%+1, 2"+1, 2*"'-1} [14] and {2", 2"°—1, 2"%+1, 2"+1,
2*"*'_1} [15] are presented. Among the five moduli sets, moduli set {2", 2"—1, 2"+1, 2"*'—1, 2"'—1}
enjoys well formed moduli with efficient arithmetic operation. The reverse converter for this moduli
set has very high latency and hardware costbecause of inefficient multiplicative inverses. In order to
achieve better trade-off between efficiency of arithmetic operation and reverse converter, other
unbalanced moduli sets {2", 21, 2"%+1, 2"+1, 2*""'—1} [14] and {2", 2"*-1, 2"%+1, 2"+1, 2**"'-1}
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[15] with very simple hardware implementations of their reverse converter with higher speed
compared to [13] are presented.

In this paper another design of reverse converter for the five moduli set {2", 221,241, 241, 221
1} is presented. Two level designs are used in designing the proposed architecture by using New
CRT-I and MRC for first and second level design, respectively. The proposed adder-based reverse
converter has achieved faster implementation compared to other five moduli sets.

This paper is organized as follow, in section II the background of RNS is reviewed, in next section
new reverse converter in two levels design for mentioned moduli set is proposed, in forth section
hardware implementation of proposed reverse converter is represented and finally section V
concludesthe paper.

II. PREVIOUS WORKS

Different moduli set have been proposed for RNS. Three moduli set {2", 2"-1, 2"+1} was the most
popular moduli set in the past decade which different reverse converters for this moduli set is reported
in [16-20]. The best hardware implementation of the reverse converter for this moduli set is reported
in [11]. In this report, three different design of residue to binary converters for the moduli set {2", 2"
1, 2"+1} by using n-bit and 2n-bit adders are presented. Converter which is based on 2n-bit adder
requires near half hardware area and better delay in comparison with previous works in this class of
moduli set. The dynamic range of this moduli set is not qualified for applications which require larger
dynamic range with more parallelism. Therefore another class of moduli set with more moduli or
more dynamic range or both is reported in literatures. One of these approach is four moduli sets with
4n-bit dynamic range like {2"-3, 2"+1, 2"-1, 2"+3} [21], {2"-1, 2", 2"+1, 2""'~1} and {2"-1, 2", 2"+1,
241y [22], {27, 2"'-1, 2"-1, 2"'=1}[23]. In [21], three different design of the reverse converters
for the moduli set {2"-3, 2"+1, 2"-1, 2"+3} are reported. The first design does not need any ROM and
designed by adder base structure whereas others need ROM as well as combinational logic. In [22],
two residue to binary converters for the two moduli set {2"-1, 2", 2"+1, 2"*'-1} and {2"-1, 2", 2"+1,
2"*'+1} are presented. The reverse converter of these moduli set are designed by MRC technique
which apply on the two moduli set {{2", 2"~1, 2"+1}, 2"*'-1} and {{2", 2"-1, 2"+1}, 2""'-1},
respectively. The hardware cost is more economical than previous methods. Also residue to binary
conversion delay also is reduced in this design. Efficient designs of residue to binary converter for the
moduli set {2, 2"*'-1, 2"-1, 2"'-1} is reported in [23]. This moduli set is completely free from
modulo 2°+1 type which results in high-speed modulo arithmetic. MRC algorithm is used to design
residue to binary converter architectures. In [24], three moduli set {2, 271, 2°"+1} with Sn-bit
dynamic range is presented. Chinese Remainder Theorem is used for design reverse converter for this
moduli set. Simple hardware implementation by using only one CSA followed by a 4n bit modulo
2%'—1 adder, and a few gates, results in remarkable delay of reverse conversion. In [25], reverse
converter for mosuli set {2"=1, 2", 2"+1, 2*"+1} with efficiency in delay conversion and hardware cost
of its implementation with using CRT algorithm is presented. The disadvantage of these two moduli
sets reported in [24-25] is use of modulo 2*"+1 which increase the latency of the RNS arithmetic unit.
For overcome this problem moduli set {2"-1, 2", 2"+1, 22I_1112] is presented. In this work, New
CRT-II is employed for designing an efficient reverse conversion. In class of five moduli with 5r-bit
dynamic range, moduli set such as {2", 2"—1, 2"+1, 2"2"*V% 4124221 1}[26), {2, 21, 2"+1,
2™, 2 [13], {27, 271, 27241, 2741, 221} [14] and {27, 21, 2"+1, 2"+1, 2°"™'—1} [15]
are presented. In [26] with using CRT, a full adder based reverse converter presented for the moduli
set {27, 2"—1, 2"+1, 2"=2"*V2 41, 2"42* Y21}, The problem of this moduli system is that the speed of
the arithmetic unit of RNS is restricted to the low-performance modulo 2742241 Cao et al. [13]
proposed balanced and well-formed moduli set {2, 2"—1, 2"+1, 2"*'—1, 2"'-1} with efficient RNS
arithmetic unit. In other hand the dynamic range of this moduli set are sufficient for today’s necessity.
The only disadvantage of this moduli set is its complex reverse converter due to inefficient forms of
multiplicative inverse that lead to increasing the cost and the delay of reverse converter. Unbalanced
moduli sets {2", 2"°—1, 2"2+1, 2"+1, 2*"'=1} and {2", 2"°—1, 2"+1, 2"+1, 2*"*'-1} with very simple
hardware implementations of their reverse converter with higher speed compared to [13] and [26].
These moduli sets provides better trade-off between efficiency of arithmetic operation and reverse
converter are presented.
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III. RELATED BACKGROUND

Chinese Reminder Theorem (CRT)converts an RNS number into its equivalent weighted Number as
follows:

X = |x,N,|PM, (1)
i=1 M
Where
M =PP,..P,
P.M,=M/P
N, = |p

The CRT can be implemented in parallel channels followed by a modulus M adder.Modulo M
reduction has very large latency and this can leads to inefficient hardware implementation of the
reverse converter for high dynamic range moduli sets.

The weighted number X can be computed by New CRT-I as follows:

ki(x,—x,)+k,P,(x,—x,)+...
X :X1+PIX 1( 2 1) 2 2( 3 2) (2)

+kn—1P2P3"‘Pn—1 ('xn _xn—l) P,P;..P,
Where
‘kl XPI‘PZ@UR, =1
‘kZ XPI X PZ‘PPP,, =1

k

XBXP,X..XP,_,

n—1 P, :1

Compared to CRT, the size of the final modulo reduction is reduced in New CRT-I. Mixed Radix
Conversion (MRC) is another algorithm to convert the residues into the weighted number. To
calculate Xfrom its residues by MRC, we have

n—1
X =v,[IP+..+v;PB +v,P, +v, 3)
i=1
The coefficients v;s can be obtained from residues by
v, =x, “
-1
vy =|0o w7, ‘ 5)
21p,
-1 -1
v ={((x; _vl)‘Pl ‘ _Vz)‘Pz ‘ (6)
Py Py P,
In the general case, we have
Vo= |(x —v)P_l‘ —v)P_l‘ B — )P_l @)
n - n 111 P, 2172 Py n—1’\"n-1 P, B,

‘PI_I‘P indicates the multiplicative inverse of P; modulus P;.
J

IV. REVERSE CONVERTER DESIGN

In order to efficient design of reverse converter for the moduli set{2", 2"2_1, 2"+, 2"+1, 271},
two levels of design are employed. First level is designed by using New CRT-I and considering
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subset{2"°~1, 2"+1, 2"+1, 2**'—1}and in second level subset {(2"*~1)( 2*"'-1), 2"} is designed by
using MRC.

3.1. First Level Design

In order to calculate the weighted number Z from its residues in subset (2721, 241, 2"+1, 2°'-1}
by using New CRT-I, we have

Z=x +R‘kl(x2 —-x)+k,P(x;—x,)+ kPP (x, — x, )| ®)

BBE

By considering P, =2*"' 1, P, =2" +1, P,=2" +1,P,=2" —1, we have

ki(x,=x)+k,2" +D)(x,—x,)+
Z :xl +(22n—1 _1) 1( 2 1) 2(ﬂ/ )( 3 2) (9)
k(2" +D27>+1)(x, —x) Sy
For the required multiplicative inverse in Eq. 9,we have
|k1 X(22ﬂ—1 _1)|22r171 = 1 - kl = _2
[, x (2 =D +1)],,  =1—k,=—1
kyx (2 =1)(2" +1)(27 +1)‘2%71 =1-=k, = 22
Eq. 9 can be rewritten as
Z=x,+Q2"" -1y (10)
To calculate Y we have
Y= (=2)(x, —=x)+(=D2" +D(x; — x,) + (1
(=27 + D% +D(x, = x;) |,
Eq. 11 can be rewrite as
Y =|Z,+Z,+Z,. (12)
Where
Z, =[x, =x )|,
Z, = ‘(-1)(2" + 1) =X,
Zy=|(=2"")Q2" + D% +D(x, —x )| o,

By considering X; = X, 5, 5.+ Xy g s Xy =X, 000 Xy 5 X3 =Xy, 0 Xygand X, =X, Xy, for Z; we

have

Z, =|2><(x1 -X,)

13)
(14)

Z = ‘2)( (X g oo X g = Xy e Xog)
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Z = ZX(OXLZHZ...XLO =0---00x,,...x,,

Z =

Where

For Z, we have

Xiopon X0+ 1L 1, ...x, 1

(n—1)bit 2y

(n—2)bit

le|Zn+le

22;1_1

Pl |
Z, =x1,2n—2"’x1,00

Z,=11-1%,, .. %1
(n—2)bit

Z, =|-@" +1)(x, - x,)

22;1_1

Z,=|-(2"+1)| 00---0x,,,...x,, —00:--0x, , ... X,

Therefore

Where

(%n—ljbit (n=1)pit

Xy g% 00---0x,, +00---0x,,...x, , —

(n—1)bit (n—1)bit
00- --Oxs% e X3 00- -A-0+00- ~0x,, .0
(5 -1)pir n bit (gn—l]bit
2
Xy pgeoXy000---0x, , +00---0x,  ...x,, +
(n=1)bit (n=1)bit
11...1}3% s Xy 11-~~1)_c3’% X
(ﬁ—1)hit (ﬁ—ljbit n
2 2 (Eﬂjhit

Z,= |Zzl +Z,,+Z,

K21y

Zy =Xy, Xy000--0x,
(n—1)bit

22'1 -1

Z,,=100---0x,,...x,,

(n—l)hit

22'1 -1

pa|

22|

5)

(16)

A7)

(18)

19)

(20)

ey

(22)
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Zy =l AR,, L T LT, T

2
\—V_—J
[ﬁ—ljbn (ﬁ—ljbiz i
2 2 (5+ljhit

221

For Z; we have

Z,= ‘(_2%-1)(2” +1)(2% +1)(x, - x,)

22n_y

Z,= ‘(—2%*1)(2" P 1) (%, Xy =Xy X )

22—

(2 + 1) (x4%_1 e Xy Xy gy e Xy g ) —

2% %
Zy= (2%1} 00:-0x,, ... %0 00--0x, ... xy

(ﬁ-lj bit (5-1) bit
2 2

X XXX+ X, X, 00--0x,00---0x;

2 n . n .
2%_1 " (5—1] bit (5—1) bit
Z,= +00---0x;,,...0,,00---0x; ... X5

(11) bit [ﬁ-lj bit
2 2

2214

=

4’0)?@4}4)?4 0 X1 +X3500---0x;,00---0x;5 ... x5,
2 (glj bit (glj bit
Z, =
25,00 %,000---0x, ... %, 00---0

[ﬁ-lj bit (ﬁ-lj bit
2 2

221

2y =2+ 2+ 2o,

where

2y =X 40X XX Xy

23 =%3500---0x,00---0x; ... x5
(gl) bit (gl) bit
2y =Xy %3000--0x; ... x3,00---0

(ﬁ-1) bit (ﬁ-1) bit
2 2

(23)

(24)

(25)

(26)

(27)

(28)
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Therefore Y can be calculated as

(29)

Y= |Z11 T2 T2t 2 T 23t 2 T T T a3

Hardware implementation ofEq. 29 is shown in figure 1. Bit organizer provides the required operands
in Eq. 29. Carry Save Adders (CSA) with End Around Carry (EAC) are used to reduce the number of
operands and then Modulo 2?1 Adder (MA (2*'-1)) is employed to calculate the Y.

v © “ “

Bit organizer

Zy Z 23 Zy» 223 Zs; Zs2 Zs3
CSA with EAC CSA with EAC
CSA with EAC CSA with EAC

i

CSA with EAC

e S il

CSA with EAC

MA2"-1)

N

Figure 1. Hardware implementation of ¥

After calculation of Y, to realize Z we have

Z=x,+Q2"" -1y (30)
Z=x+Y00---0-Y 31)
\_ﬂf_J
(2n-1)bit
Z=Yx, -Y (32)

3.2. Second Level Design

Second level of the design consider the moduli set {(2*"—1)( 2*""'~1), 2"} by using MRC. Considering
P13y = (27-1)( 2°"'~1) and using MRC we have

X =V V)P (33)

v, =Z (34)

V, = ‘(xs - Z)‘E;4‘2,, . (35)
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For the required multiplicative inverses, we have

Bk, k@ =D -1, =1

Therefore
v, :|x5 —Yx, +Y|,

Eq. 36 can be rewritten as

v, = ‘xs’n_l v Xso =Yy XX e X Y

V, = “XS,n—l e Xs g T X - X +Y, ... Y()Ln
v, = |x5 +v,, +Vv,, +12,l

Where

Therefore
X =v, 4+v,2" -DR* " -1)

X =Yx, —Y +(v,00---0—v,)(2*" =1

2n bit

X=Yx,-Y+v,00---0-v,00---0—v, 00---0+v,

4n-1 bit 2n bit 2n-1 bit
X =v,Yx +v,Y +0, 11142+,

X =vYx,+v)Y +v,00---0+v, +1+100---0

2n

X =vYx, +v,¥ +v,00--0v,+10:--01

(n=1)bit (2n-1)bit
K,=vYx,
K,=vYy

K,=7,00--0v,

(n=1)bit

K,=10---01

(2n—1)pir

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(40)

(47)

(48)

(49)
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Therefore
X =K +K,+K,+K, (50)

Hardware implementation of X is shown in figure 2. First v, in Eq. 39 is implemented by
using an n bit CSA followed by the Carry Propagate Adder (CPA). Then bit organizer in
figure 2, provides the required shift and negation required in Eq. 46-49. In next step, two
CSA followed by the CPA calculate the final result of X according to Eq. 50.

Ty Ty Ty

n bit CSA

Y Y

n bit CPA <

V) Y

‘ vy

bit organizer

K, K; K, K;
Y
(5n-1)bit CSA

v vy

(5n-1)bit CSA

v v

(5n-1)bit CPA

XV

Figure 2. Hardware implementation of X

A

Table 1. Delay and area comparison of five moduli sets reverse converters

Converter Hardware requirements Conversion delay
[13] ((5n°+43n+m )/6+16n—1)Aps +(6n+DAyor | (18n+L"+7)tg,

( 1 0n+5)AFA+(7n—5)AXNOR
[14] +(7n—5)AOR +(2n—3)AXOR (l3n+1)tFA+3tNOT
+(2n—3)AAND+(8n+2)ANOT
( 1 2.5n+6)AFA+(4.5n— 1 )AXNOR
[15] +(4.5n—l)AOR+ (1.5n—l)AXOR (l2n+6)tFA+3tNOT
+(1.5n—1)A snp+(70+1)Anor
( 17n +n/2+2)AFA+(4n)AXNOR
Proposed +(4n)Aor +(8n—5)Axor (10n+ 6)tpa
+(8n—5)AAND+(7n/2)ANOT

V. COMPARISON

Details of area and delay comparisons of the proposed reverse converter for the moduli set {2**"'-1,
2"+1, 21, 2"%+1, 2"} with other five moduli sets reported in [13], [14] and [15] are shown in table
1. In order to achieve fair comparison, in calculations of delay and area, assumptions such as
considered in [14-15] are employed. According to the obtained result in table 1, the proposed
converter has (10n+6)fzx" where fz, denotes the delay of one bit full adder. The reverse converter
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proposed in [13] has the delay of (13n+1)#za. Therefore the proposed converter for the moduli set
(27121, 2"+1, 2"°—1, 2"*+1, 2"} with different levels of the design compared to [14] achieved in
more speed in reverse conversion.Comparison with other five moduli sets are shown in table 1. It can
be seen that the proposed reverse converter for the moduli set (2211, 2"+1, 2"*-1, 2"+1, 2"} has
achieved fastest implementation compared to other five moduli reverse converters.

VI. CONCLUSION

We have presented a simple and efficient reverse converter architecture for the five moduli set {2*"'—
1, 2"+1, 2"—1, 2"°+1, 2"}. Two levels design, New CRT-I for subset {2"°1, 2"°+1, 2"+1, 2*"'-1}
and MRC for superset {(2*"=1)( 2*"'-1), 2"} are employed. Higher speed of the reverse converter has
achieved compared to other five moduli set reverse converters in literature.
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