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ABSTRACT

The present paper deals with a new method to compute the Mittag-Leffler function 𝑬𝜶 (−𝔃𝜶 ) for arbitrary
complex argument 𝓏 ∈ ℂ and parameter 𝛼 ∈ ℝ+ . Such function is known to play a fundamental role in
fractional differential equations with various applications in physics given the fact that Mittag-Leffler function
interpolates smoothly between exponential and algebraic functional behaviour. The method is based on
calculation of the inverse of the mapping 𝐼𝑑 + 𝛬𝐼 𝛼 where Id, 𝐼 𝛼 are respectively the identity and RiemannLiouville integral operator of order. Numerical implementation of the present method is found to be fast and
easy. In the other hand, its comparison with existing methods as the Pade algorithm and the integral
representation shows good accuracy. Thus, the present method appears to be a useful alternative way to
compute Mittag-Leffler function 𝑬𝜶 (−𝔃𝜶 ).Finally, an application to anomalous transport in porous media is
carried out to illustrate the interest of the method.
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I.

INTRODUCTION

Recently, scientists have focused on the Mittag-Leffler function for several reasons. In particular,
MittagLeffler functions are building blocks of fundamental solutions of many ordinary differential
equations involving derivatives of non-integer order, thus extending the role of exponentials. Such
equations arise in various domains of physics, including generalized fractional kinetic equations,
diffusive transport and coupled systems [15], [16], [27] [19], [20],[21], [22]. It motivated addressing
mathematical property of Mittag-Leffler functions [23], [24], [25], [26], [28], [29],.Mittag-Leffler
functions also appear in the solution of boundary value problems with integro-differential equations of
Volterra [18].The function of Mittag-Leffler is used in other domains, such as fluid flow, rheology,
electrical networks, probability theory and statistical distribution. Furthermore, characteristics and
applications of this function can be found in the following works [19], [20], [21], [22], [23], [24],
[25], [26], [28], [29], [30]. In the present paper, we introduce and validate a new method to calculate
Mittag-Leffler functions 𝑬𝜶 (−𝔃𝜶 ) for 𝜶 between 0 and 1 with 𝔃 been a complex number. The method
is based on triangular matrix inversion at each step. With only the last elements of the matrix need to
be re-actualized at each time steps. Hence, the method is fast and its generalization is easy.
Comparisons with other existing methods show a good accuracy of our method. Note that a numerical
evaluation of 𝑬𝜶,𝜷 (−𝒙) is treated by J.W. hanneken and Al. in [33]. The paper is written in five parts.
In next section we will detail the basis of the method. Comparison with other existing methods is
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given in the section 3. The fourth section will be devoted to an application related to 𝑬𝜶 (−𝔃𝜶 ). We
end the paper with some concluding remarks about the present work.

II.

DESCRIPTION OF THE CALCULATION METHOD

2.1. Definition of generalized Mittag-Leffler function
Function ez that plays an essential role in ordinary differential equations, was generalized by G.M.
Mittag-Leffler in [1] and [2] also studied by A. Wimam [34], [35].This basic function that generalize
the exponential can be defined as.
𝓏𝑘

𝐸𝛼 (𝓏) = ∑∞
𝑘=0 Γ(1+𝛼𝑘) 𝛼 ∈ ℝ+ , 𝒵 ∈ ℂ, (1)

Where Γ() is the gamma function defined as

+∞

Γ(𝓏) = ∫ 𝑡 𝑧−1 𝑒 −𝑡 𝑑𝑡
0

The function 𝐸𝛼 (𝓏) satisfies ordinary differential equations: differently from that happens for = 1 .
Two-parameter functions 𝐸𝛼,𝛽 (𝓏) of the Mittag-Leffler type introduced by Agarwal [3], according to
𝓏𝑘

𝐸𝛼,𝛽 (𝓏) = ∑∞
𝑘=0 Γ(𝛽+𝛼𝑘) 𝛼 ∈ ℝ+ , 𝛽 ∈ ℝ, 𝓏 ∈ ℂ, (2)

The link between the 𝐸𝛼,𝛽 (𝓏)(with 𝐸𝛼 (𝓏) = 𝐸𝛼,1 (𝓏)) and their derivatives are detailed in [46].
The operator (𝐼𝑑 + Λ𝐼 𝛼 )−1 is present in the expression which calculates the density of mobiles
particles and the flux in fractal MIM model (f-MIM).
This model was used to represent the anomalous transport. As we shall see in the following that this
operator applied to the function 1 is not other than 𝐸𝛼 (−𝑧 𝛼 ).
Analytic solutions to fractional-order differential equations are often expressed in terms of the MittagLeffler function, and so we need to know the best scheme that computes this special function, which
is the topic of this section.

2.2. Method to estimate 𝐸𝛼 (−𝑧 𝛼 )
-Riemann-Liouville fractional integral
In the classical calculus of Newton and Leibniz, Cauchy reduced the calculation of an n-flod
integration of the function 𝑓(𝑥) into a single convolution integral possessing an Abel (power law)
kernel,
𝑥

𝑥𝑛 −1

𝐼𝑛 = ∫ ∫
=

𝑥1

… ∫ 𝑓(𝑥0 )𝑑𝑥0 … 𝑑𝑥𝑛−2 𝑑𝑥𝑛−1

0 0
0
𝑥
1
1
𝑓(𝑥 ′ )𝑑𝑥 ′
∫
(𝑛−1)! 0 (𝑥−𝑥 ′ )1−𝑛

𝑛 ∈ ℕ, 𝑥 ∈ ℝ+ ,

(3)

Where 𝐼 𝑛 is the n-flod integral operator with 𝐼 0 𝑓(𝑥) = 𝑓(𝑥) . Liouville and Riemann analytically
continued Cauchy’s result, replacing the discrete factorial (𝑛 − 1)! with Euler’s continuous gamma
function Γ(𝑛), noting that (𝑛 − 1)! = 𝛼(𝑛),
𝑥
1
1
𝐼 𝛼 𝑓(𝑥) =
𝑓(𝑥 ′ )𝑑𝑥 ′ 𝛼, 𝑥 ∈ ℝ+ ,
(4)
∫
Γ(𝛼) 0 (𝑥−𝑥′)1−𝛼

Where 𝐼 𝛼 is the Riemann-Liouville integral operator of order 𝛼 , which commutes (i.e 𝐼 𝛼 𝐼𝛽 𝑓(𝑥) =
𝐼𝛽 𝐼 𝛼 𝑓(𝑥) = 𝐼 𝛼+𝛽 𝑓(𝑥), ∀𝛼, 𝛽 ∈ ℝ+)
A brief history of the development of fractional calculus can be found in Ross [49] and Miller and
Ross (C h a p t e r 1) [50]. A survey of many emerging applications of the fractional calculus in areas
of science and engineering can be found in the recent text by Podlubny (Chapter 10) [51].
-Inverting 𝐼𝑑 + 𝛬𝐼 𝛼
The Mittag-Leffler function 𝐸𝛼 (−Λ𝑡 𝛼 ) can also be obtained by integring a fractional operator. We see
it for real values of Λ and 𝑡 and pass to complex arguments upon rescaling. A numerical
approximation of 𝐸𝛼 (−Λ𝑡 𝛼 )will than be deduced.
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A look at the Laplace transform

1
𝜆(1+Λ𝜆−𝛼 )

of 𝐸𝛼 (−Λ𝑡 𝛼 ) suggest doing 𝐸𝛼 (−Λ𝑡 𝛼 ) = (𝐼𝑑 +

Λ𝐼0𝛼 )−1 𝑓𝑜𝑟 𝑡 ∈ ℝ+ , provided the inverse makes sense.
In fact, its exist and can be expanded in Neumann series, in spaces where fractional integrals are
small, whatever the value of _ that even can be complex.
𝑡
Such spaces are, for instance, the 𝑋𝑥,𝑇 = {𝑓/‖𝑒−𝑥 𝑓‖𝐿𝑃 [0,𝑇] < ∞}, with 𝑒−𝑥 (𝑡) = 𝑒 −𝑥 .
The lemma 3 of [45] states that ‖𝑒−𝑥 𝐼0𝛼 , +𝑓‖𝐿𝑃 [0,𝑇] ≤ 𝑋 −𝛼 ‖𝑒−𝑥 𝑓‖𝐿𝑃 [0,𝑇] for every 𝑓 in 𝑋𝑥,𝑇
For each 𝑇 > 0 and each complex number Λ choosing𝑋𝑛 > 0 such that |Λ|𝑋 −𝛼 < 1 yelds that the
𝛼 𝑛
Neumann serie ∑𝑛≥0(−Λ𝐼0,+
) converges and we have:
𝛼 −1
𝐸𝛼 (−Λ𝑡 𝛼 ) = (𝐼𝑑 + Λ𝐼0,+
)
For 𝑡 > 0 and Λ 𝑖𝑛 ℂ

III.

COMPARATIVE STUDY

3.1. Integral representations of the Mittag-Leffler function
Integral representations play a prominent role in the analysis of entire functions. For the MittagLeffler function such representations in form of an improper integral along the Hankel loop have been
treated in the case 𝛽 = 1 and in the general case with arbitrary 𝛽.
They use contours 𝛼(𝜌; 𝜑) of the complex plan indexed by 𝜌 > 0 and0 < 𝜑′ ≤ 𝜋, 𝛼(𝜌; 𝜑) = 𝑆−𝜑 ∪
𝐶𝜑 (0, 𝜌)⋃𝑆𝜑 consisting three parts representedon figure (3.1). Elements 𝑆±𝜑 are defined by• arrays
𝑆±𝜑 = {𝜆⁄arg 𝜆 = ±𝜑, |𝜆| ≥ 𝜌};

Figure 1: The contourα(ρ; φ)[47]

circular arcs 𝐶𝜑 (0: 𝜌) are defined by 𝐶𝜑 (0: 𝜌) = {−𝜑 ≤ 𝑎𝑟𝑔𝜆 ≤ 𝜑}ofcircumference.
In the general case 0 < 𝜑 < 𝜋, the complex plane is divided into two partsby 𝛼(𝜌; 𝜑)domain
𝐺 (−) (𝜌; 𝜑) is at the left of the contour, while domain𝐺 (+) (𝜌; 𝜑) stays on his right.
For 𝜑 = 𝜋 the contour 𝛼(𝜌; 𝜑)is composed of the circle |𝜆| = 𝜌and −∞ < 𝜆 ≤ −𝜑. In this case,
domain 𝐺 (−) (𝜌; 𝜑) becomes a disk of radius |𝜆| < 𝜌,while 𝐺 (+) (𝜌; 𝜑) becomes the area {𝜆 ∶
|𝑎𝑟𝑔𝜆| < 𝜋, |𝜆| > 𝜌}. let0 < 𝛼 < 2, 𝛽_ an arbitrary number and ' a positive number such that:
𝛼𝜋
2

< 𝜑 ≤ 𝑚𝑖𝑛{𝜋, 𝛼𝜋} (5)

So we have the integral representation of the Mittag-Leffler function:
1

𝐸𝛼,𝛽 (𝓏) = 2𝑖𝜋𝛼 ∫𝛼(𝜌;𝜑)
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𝑒𝜆

1⁄𝛼 (1−𝛽)⁄𝛼
𝜆

𝜆−𝓏

𝑑𝜆 , 𝓏 ∈ 𝐺 (−) (𝜌; 𝜑)

(6)
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and
𝐸𝛼,𝛽 (𝓏) =

𝓏 (1−𝛽)⁄𝛼 𝑒 𝓏
𝛼

1⁄𝛼

1
𝑒𝜆
∫
𝛼(𝜌;𝜑)
2𝑖𝜋𝛼

1⁄𝛼 (1−𝛽)/𝛼
𝜆

𝜆−𝓏

𝑑𝜆, 𝓏 ∈ 𝐺 (+) (𝜌; 𝜑).

(7)

If 𝛽 is a real number, then the equations (6) and (7) can be written in forms more appropriate to the
numerical approach. In particular, if 0 < 𝛼 ≤ 1, 𝛽 ∈ ℝ, |arg 𝜆| > 𝛼𝜋, 𝓏 ≠ 0, then:
∞
𝛼𝜋
𝐸𝛼,𝛽 (𝓏) = ∫𝜌 𝐾(𝛼, 𝛽, 𝜒, 𝓏)𝑑𝜒 + ∫−𝛼𝜋 𝑃(𝛼, 𝛽, 𝜑, 𝓏)𝑑𝜑 , 𝜌 > 0 (8)
∞

𝐸𝛼,𝛽 (𝓏) = ∫𝜌 𝐾(𝛼, 𝛽, 𝜒, 𝓏)𝑑𝜒 , 𝑖𝑓 𝛽 < 1 + 𝛼 (9)
1

𝐸𝛼,𝛽 (𝓏) = − 𝓏 −

sin(𝛼𝜋)
𝛼𝜋

𝑒 −𝜒

∞

∫𝜌

1⁄𝛼

𝑑𝜒 , 𝑖𝑓 𝛽 = 1 + 𝛼

𝜒2 −2𝜒𝓏 cos(𝛼𝜋)+𝓏 2

(10)

in which:
𝜒 (1−𝛽)⁄𝛼 𝑒 −𝜒
𝐾(𝛼, 𝛽, 𝜒, 𝓏) =
𝛼𝜋

1⁄𝛼

𝜒 sin[𝜋(1 − 𝛽)] − 𝓏 sin[𝜋(1 − 𝛽) + 𝛼)]
𝜒 2 − 2𝜒𝓏 cos(𝛼𝜋) + 𝓏 2

𝜌1+(1−𝛽)⁄𝛼 𝑒 𝜌
𝑃(𝛼, 𝛽, 𝜑, 𝓏) =
2𝛼𝜋

1⁄𝛼 cos(1⁄𝛼 )

[cos(𝜔) + 𝑖 sin 𝜔]

𝜌𝑒

𝑖𝜑

−𝓏

𝜔 = 𝜌1⁄𝛼 sin(𝜑⁄𝛼 ) + 𝜑[1 + (1 − 𝛽)⁄𝛼 ]
Using this integral representation in (6) and (7), it is easier to get an asymptotic extension of the
Mittag-Leffler function in the complex plane [48]. Let𝛼 < 2, 𝛽 an arbitrary number and 𝜑satisfies the
condition selected in (5).
Then, for all 𝑝 ∈ ℕ 𝑎𝑛𝑑 |𝑧| → ∞:
1. if |𝑎𝑟𝑔𝑧| ≤ 𝜑 ,
𝐸𝛼,𝛽 (𝓏) =
2. if 𝜑 ≤ |𝑎𝑟𝑔𝑧| ≤ 𝜋,

𝓏 (1−𝛽)⁄𝛼 𝑒 𝓏
𝛼

𝑝

1⁄𝛼

𝑝

𝓏 −𝑘

− ∑𝑘=1 Γ(𝛽−𝛼𝑘) + 𝑂(|𝓏|−1−𝑝 )

𝓏 −𝑘

𝐸𝛼,𝛽 (𝓏) = − ∑𝑘=1 Γ(𝛽−𝛼𝑘) + 𝑂(|𝓏|−1−𝑝 )

(11)

(12)

Table 1: Table showing the difference between the three approaches where f, g, h represent respectively the
Padé algorithm, the inverse of the mappy (Id − I α ) and the integral formulation

3.2. The Pade algorithm for Mittag-Leffler function
The Pade algorithm is start from the series (2) to estimate the Mittag-Leffler functions [9].This
method presents a scheme for fast computations of:
𝐸𝛼,1 (−𝑥 𝛼 ), 0 < 𝛼 < , 𝑥 ∈ ℝ+

220

Vol. 7, Issue 1, pp. 217-225

International Journal of Advances in Engineering & Technology, Mar. 2014.
©IJAET
ISSN: 22311963
It uses, equation (2), on interval 0 < 𝑥 < 0.1. Instead it uses asymptotic series, equation (12), is for
𝑥 > 15. Pade approximations (or rational polynomials)
are used for 0.1 < 𝑥 < 15, according to:

∑4𝑘=0

(−𝑥)𝛼𝑘
Γ(1+𝛼𝑘)

,

𝑎0 +𝑎1 𝑥+𝑎2 𝑥 2

𝐸𝛼,1 (−𝑥 𝛼 ) ≈

1+𝑏1 𝑥+𝑏2 𝑥2 +𝑏3 𝑥 3
(−𝑥)−𝛼𝑘

4
{ ∑𝑘=0 Γ(1−𝛼𝑘) ,

0 < 𝑥 < 0.1
,

0.1 < 𝑥 < 15

(13)

𝑥 ≥ 15,

where coefficients 𝑎0 , 𝑎1 , 𝑎2 , 𝑏1 , 𝑏2 , 𝑏3are listed in Table 2 of [14] for values of 𝛼between 0.01 et
0.99.

3.3. Comparison of the methods
In this section we present the results obtained on the different methods that we have used to
calculate𝐸1−𝛼 (−𝑥1−𝛼 ) ,with 0 < 𝛼 < 1. The table1 show the differences between the three
approaches calculated within theeuclideannorm .
In the case where 𝛼 = 0, 5 ,the three methods coincide perfectly even if wesee a small shift in the
curve obtained by the integral formulation (figure(3)).
But in cases where 𝛼 < 0, 5 (ℎ𝑒𝑟𝑒 𝛼 = 0, 25 𝑎𝑛𝑑 𝛼 = 0, 45 (figure2), Thetable above shows that
the approach obtained by the integral method differsfrom the results obtained with other two methods,
but this difference is very obvious when the value of 𝛼increase down, in our case ,we can see very
clearly when 𝛼 = 0.25.
However, when the value of 𝛼close 1, we see that the curve obtained by themethod of Pad deviates
from the curve obtained by the integral formulationand that calculated by the Neumann series, this
differences increases with the value of 𝛼 (figure 4). We also note that the curves obtained by the
Neumannseries and the integral formulation coincides.

Figure 2: Eα _(−x α ) with different value of α < 0.5
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Figure 3: Eα _(−x α ) with different value of α close 0.5

We can conclude that compared to the other two approaches, the computation of the Mittag-Leffler
function by inverting the mappy (𝐼𝑑 − 𝐼 𝛼 ) ismore stable for all value of 𝛼between 0 to 1.


α

Figure 4:Eα _(−x ) with different value of α close 1

IV.

APPLICATION IN THE CASE OF ANOMALOUS TRANSPORT

The process of dispersion of solutes in porous media may not be follow theusual laws of diffusion,
especially in unsaturated regime. As an example, data from simple laboratory column filled of
unsaturated (though not especially heterogeneous) porous media, show a breakthrough curves (BTC)
with a heavy-tailed [4],[5],[8].
In particular, the long tails a behavior characteristics in the large time of the BTC follows a power law
decay of time, reflecting some property of the medium to retain long time abnormally a fraction of the
solute. This characteristic constitutes a memory effect that is beyond the scope of traditional models
of diffusion based on the properties of Markovian in small scale.
In roughly the power law distribution of waiting times led to the use of the time fractional derivative
in the diffusion equation [12].

4.1. The microscopic scale model
On the scale of fluid particles, the model where we use is described by a random walk. This is true for
fluid particles and the solute particles. For a random walk, the idea to produce effects of stagnation is
to impose of stopping times that can be drawn randomly. It is therefore to make a distinction between
the time for which the walker makes a motion (operational time)and immobility time that could be
abnormally large [42]. For the fractal MIM model, the evolution of the position of a particle of the
random walk is given by:
𝑥
= 𝑥𝑛 + 𝑣𝜏 + √2𝐷𝜏 𝑁𝑛
(14)
{ 𝑛+1
𝑡𝑛+1 = 𝑡𝑛 + 𝜏 + 𝜏 1⁄𝛼 𝑊𝑛
The 𝑁𝑛 represent a Gaussian random variables independent and identicallydistributed,
the𝑊𝑛 forming a sequence of random variables with positivevalue, according to a stable Levy law
[43] of exponent 𝛼 between 0 and 1,and positive scale factor Λ. This means that the asymptotic
behavior of the density of 𝑤𝑛 𝑖𝑠

Λ𝑡 −𝛼−1
|Γ(−α)|

. The parameters 𝑣, 𝜏and D are respectively avelocity of

advection, the time step of the walk and the diffusion coefficientof the medium.
If 𝜏 → 0, the random walk described by equation (14) converges in law [42]to a stochastic process
𝑥(𝑡) given by:
𝑥(𝑡) = 𝑥0 + 𝑣𝑍(𝑡) + √2𝐷𝐵(𝑍(𝑡)) (15)
For solute particles in a tracer experiment, 𝑥0 represents the position wherethey are injected, but for
the fluid particles, x0 is a random variable uniformlydistributed. Moreover B is the standard Brownian
motion and 𝑍(𝑡)is a stochastic process giving the operational time of the random walk. Theproperties
of the process Z are determined by the parameters Λ 𝑎𝑛𝑑 𝛼definingthe probability distribution of Wn.
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They have been studied in [42]. The relation (15) shows that the model is a time subordinated
Brownian motion (physical time has been replaced by the operational time 𝑍(𝑡)).

4.2. Macroscopic version
Through a procedure of transition to the macroscopic limit, the fractal MIM model is given by the
following differential equation [10]:
−1

−1

1−𝛼
1−𝛼
𝜕𝑡 𝑃 = 𝜕𝑥 [𝜕𝑥 𝐷(𝐼𝑑 + Λ𝐼0,+
) 𝑃 − 𝑣(𝐼𝑑 + Λ𝐼0,+
) 𝑃] (16)
1−𝛼
where𝐼0,+ the fractional integral of order 1 − 𝛼, 𝐼𝑑 the identity andΛtherate of stationary particles.
1−𝛼 −1
Note that here (𝐼𝑑 + Λ𝐼0,+
) 𝑃(𝑥, 𝑡) representsthe density of the mobile phase of the solute at
position 𝑥 in time 𝑡. Thisequation describes correctly the BTC evolving according to a power
law[5],[31], because its solution 𝑃(𝑥, 𝑡) decreases such as 𝑡 −𝛼 at large value of𝑡. This behavior is
incompatible with the classic MIM version [7], whichcorresponds to the case𝛼 = 1, and is equivalent
to the advection dispersionequation (ADE) which represents the dispersion in a homogeneous
medium.
1−𝛼
To solve this equation is equivalent to invert the operator(𝐼𝑑 + Λ𝐼0,+
)
Indeed, the equation (16) is identical to:
𝜕𝑡 𝑃(𝑥, 𝑡) = −∇𝐹(𝑥, 𝑡) (17)
where F(x, t) represents the propagation flux of the solute at position at time t defined by [10].
−1

−1

1−𝛼
1−𝛼
𝐹(𝑥, 𝑡) = −𝐷∇(𝐼𝑑 + Λ𝐼0,+
(18)
) 𝑃(𝑥, 𝑡) + 𝑣(𝐼𝑑 + Λ𝐼0,+
) 𝑃(𝑥, 𝑡)
It is also interesting to note that the solution (16) presents an asymptotic decay in power law of time
similar to observations reported in experiments in unsaturated porous media [11][13].

V.

CONCLUSION

In this work, different numerical methods were used to compute 𝐸1−𝛼,1 (−𝑥 1−𝛼 ).A comparative study
1−𝛼
of results are carried. We notice a good coincidence of Pad method and the inversion(𝐼𝑑 + 𝐼0,+
)when
𝛼 < 0.5, through against when 𝛼 < 0.5 and even close to 1, the methodthat uses the integral
1−𝛼
formulation and inversion of the operator (𝐼𝑑 + 𝐼0,+
)coincide perfectly. Note that greater the value
of 𝛼 approach 1, the Pad method differs from the other two methods. Note that the difference between
the three methods is not very significant.
However, even if the Pad algorithm is fast Pad when the value of 𝑥 is between 0.1 and 15, the method
1−𝛼
that inverse the operator (𝐼𝑑 + 𝐼0,+
)remains fastest at the execution of thecomputation.

REFERENCES
[1]. G.M. Mittag-Leffler. Sur la représentation analytique d’une branche uniforme d’une fonction
monogène. ActaMathematica, 29 :101-182, 1905.
[2]. G.M. Mittag-Leffler. Sur la nouvelle fonction E_(x). C. R. Académie des Sciences, 137 :554-558,
1903.
[3]. R.P. Argarwal. A propos d’une note de M. Pierre Humbert. C. R. Académie des Sciences, 236 :20312032, 1953.
[4]. Berkowitz B. , Emmanuel S. and Scher H. ”Non-fickian transport and multiple-rate mass transfer in
porous media”. Water Resource. Res. 44, W03402 (2008).
[5]. M. Bromly and C. Hinz, Non-Fickian transport in homogeneous unsaturated repacked sand, Water
Resource. Res. 40, W07402 (2004).
[6]. W. Feller An Introduction to Probability Theory and its Applications vol. II (Wiley, New York 1970).
[7]. M. T. Van Genuchten and P. J.Wierenga, Mass transfer studies in sorbing porous media, I Analytical
solutions, Soil. Sci. Soc. Am. J. 33 (7), 473 (1976).
[8]. Haggerty, R. S.,McKenna S. A. and Meigs L. C. ”On the late-time behavior of tracer test breakthrough
curves”. Water Resour. Res., 36, 3467-3479 (2001).
[9]. J.F. Hart, E.W. Cheney, C.L. Lawson, H.J. Maehly, C.K. Mesztenyi,J.R.
[10]. B. Maryshev, M. Joelson, D. Lyubimov, T. Lyubimova, and M. C. N´eel,Non_Fickian flux for
advection-dispersion with immobile periods , J. Phys.A: Math. Theor. 42, 115001 (2009).
[11]. R. Schumer, D. A. Benson, M. M. Meerschaert, and B. Bauemer, Fractal mobile/immobile solute
transport, Water Resour. Res. 39 (10), 1296 (2003).

223

Vol. 7, Issue 1, pp. 217-225

International Journal of Advances in Engineering & Technology, Mar. 2014.
©IJAET
ISSN: 22311963
[12]. M.M. Meerschaert,E. Nane, P. Vellaisanny ”Distributed-order fractional diffusions on bounded
domains”, J. Math. Anal. Appl 379(2011) 216-228.
[13]. Y. Zhang, D. A. Benson, and B. Bauemer, Moment analysis for spatiotemporal fractional dispersion,
Water Resour. 44, W05404 (2008).
[14]. K. Diethelm,N.J. Ford, A.D. Freed, Yu. Luchko ”Algorithms for the fractional calculus: A selection of
numerical methods”, Comput. Methods Appli. Mech. Engrg. 194(2005) 743-773
[15]. R. Hilfer, Fractional diffusion based on Riemann-Liouville fractional derivatives, Journal of Physical
Chemistry B 104(2000) 914?924.
[16]. R. Hilfer, Applications of Fractional Calculus in Physics, World Scientific, Singapore, 2000.
[17]. R. K. Saxena, Certain properties of generalized Mittag-Leffler function, in Proceedings of the 3rd
Annual Conference of the Society for Special Functions and Their Applications, pp. 77-81, Chennai,
India,2002.
[18]. S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional Integrals and Derivatives: Theory and
Applications, Gordon&Breach, New York, NY, USA, 1993.
[19]. G. W. S. Blair, Psychorheology: links between the past and the present, Journal of Texture
Studies,5(1974),3-12.
[20]. P. J. Torvik and R. L. Bagley, On the appearance of the fractional derivative in the behaviour of real
materials, Journal of Applied Mechanics,Transactions ASME, vol. 51, no. 2, pp. 294-298, 1984.
[21]. M. Caputo and F. Mainardi, Linear models of dissipation in anelasticsolids,LaRivista del
NuovoCimento, vol. 1, no. 2, pp. 161-198, 1971.
[22]. R. Gorenflo and R. Rutman, On ultraslow and intermediate processes, in Transform Methods and
Special Functions, Sofia, P. Rusev, I. Dimovski, and V. Kiryakova, Eds., pp. 171-183, Science Culture
Technology, Singapore,1995.
[23]. R. Gorenflo and F. Mainardi, Fractional oscillations and Mittag-Lefflerfunctions,Tech. Rep. 1-14/96,
Free University of Berlin, Berlin, Germany, 1996.
[24]. F. Mainardi and R. Gorenflo, The Mittag-Leffler function in the Riemann-Liouville fractional calculus,
in Boundary Value Problems, Special Functions and Fractional Calculus, A. A. Kilbas, Ed., pp. 215225, Byelorussian State University, Minsk, Belarus, 1996.
[25]. Y. U. F. Luchko and H. M. Srivastava, The exact solution of certain differential equations of fractional
order by using operational calculus, Computers and Mathematics with Applications, vol. 29, no. 8, pp.
73-85, 1995.
[26]. V. S. Kiryakova, Special functions of fractional calculus: recent list, results, applications, in
Proceedings of the 3rd IFC Workshop: Fractional Differentiation and Its Applications (FDA 908), pp.
1923, CankayaUniversityAnkara, Turkey, November 2008.
[27]. R. K. Saxena and S. L. Kalla, On the solutions of certain fractional kinetic equations, Applied
Mathematics and Computation, vol. 199, no. 2,pp. 504-511, 2008.
[28]. A. M. Mathai, R. K. Saxena, and H. J. Haubold, A certain class of Laplace transforms with application
in reaction and reaction-diffusion equations, Astrophysics & Space Science, vol. 305, pp.283-288,
2006.
[29]. H. M. Srivastava and R. K. Saxena, Operators of fractional integration and their applications, Applied
Mathematics and Computation, vol. 118,no. 1, pp. 1952, 2001.
[30]. A. Upadhyaya, J.P; Rieu, J.A. Glazier, Y. Sawada, Anomalous diffusion and non-Gaussian velocity
distribution of Hydra cells in cellular aggregates,Physica A: Stat. Mech. and Appl. 293(2001) 549-558
[31]. J. W. Kirchner, X. Feng, and C. Neal, Fractal stream chemistry and its implications for contaminant
transport in catchments Nature 403, 524(2000).
[32]. R. Schumer, D. A. Benson, M. M. Meerschaert, and B. Bauemer, Fractal mobile/immobile solute
transport, Water Resour. Res. 39 (10), 1296(2003).
[33]. J.W. Hanneken, David M. Vaught, and B. N. NarahariAchar, Enumeration of the real zeros of MittagLeffler function E, Advances in Fractional Calculus: Theorical Developments and Applications in
Physics and Engineering, pp 16-26, 2007.
[34]. A. Wimam, ¨ Uber den fundamentalsatz in der teorie der funktionen E(x), Acta Math., vol. 29, 1905,
pp. 191-201.
[35]. A. Wimam, ¨ Uber die nulstellen der funktionen E_(x), Acta Math., vol. 29, 1905, pp. 217-234.
[36]. A. Erdélyi (ed.), Higher Transcendental Functions, vol.3, McGraw-Hill, New Yoyk, 1955.
[37]. M. Abramowitz and I.A. Stegun, Handbook of Mathematical functions, Nauka, Moscow,1979
(references in the text are given to this Russian translation; original publication: Nat. Bureau of
Standards, Appl. Math. Series,vol. 55,1965).
[38]. K.S.Miller and B.Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, John Wiley & Sons Inc., New York, 1993.
[39]. Yu. N. Robotnov, Elements of heriditary Solids Mechanics, Nauka, Moscow,1977 (in Russian).

224

Vol. 7, Issue 1, pp. 217-225

International Journal of Advances in Engineering & Technology, Mar. 2014.
©IJAET
ISSN: 22311963
[40]. Yu. I. Plotnikov, Steady-state vibrations of plane and axesymmetric stamps on a viscoelastic
foundation, Ph.D. thesis, Moscow 1979 (in Russian)
[41]. A. I. Tseytlin, Applied Methods of Solution of Boundary Value Problems in civil Engineering,
Stroyizdat, Moscow,1984 (in Russian).
[42]. M. C. Néel and S.H. Rakotonasy, D. Bauer, M. Joelson, M. Fleury,“All order moments and other
functionals of the increments of some non-Markovian processes”, Journal of statistical Mechanics:
Theory and Experiment,PO2006 (2011).
[43]. W. Feller “An Introduction to Probability Theory and its Applications” vol. II (Wiley, New York
1970).Resour. Res., 36, 3467-3479 (2001).
[44]. Y.F. Luchko, and H.M.Srivastava,The exact solution of certain differential equations of fractional
order by using operational calculus, Computers & Mathematics with Applications, vol. 29, pp 73 - 85
(1995).
[45]. Gorenflo R, Iskenderov A and Yamamoto R 1997 On the regularization of linear Abel-type integral
equations of 3 kind with H¨older-continuous kernels preprint available on http://www.math.fu-berlin.de
[46]. R. Gorenflo, J. Loutchko and Y. Luchko, Computation of the Mittag- Leffler function E_,_(z) and its
derivative, Fractional Calculus and Applied Analysis. vol.5(2002) pp 491-519.
[47]. R. Gorenflo, JouliaLoutchko and Yuri Luchko, E_,_(z) AND ITS DERIVATIVE, Fractional Calculus
& Applied Analysis, vol. 5, pp 491–518 (2002).
[48]. I. Podlubny and Science Direct (online service). Fractional differential equations: an introduction to
fractional derivatives, fractional differential equations, to methods of their solution and some of their
applications. Academic press San Diego, 1999
[49]. B. Ross, The development of fractional calculus 1695 1900, Hist. Math.4 (1977) 75 89.
[50]. K.S. Miller, B. Ross, An introduction to the fractional calculus and fractional differential equations,
John Wdey and Sons, New York, 1993.
[51]. I. Podlubny, Fractional differential equations. An introduction to fractional derivatives, fractional
differential equations, to methods of their solution and some of their applications, Mathematics in
Science and Engineering,vol. 198, Academic Press, San Diego, 1999.

AUTHORS
Botomanovatsara have a Master Degree in Physics Atmospheric engineering machinery,
He prepare Ph.D. in physical domain, modeling, applied computer science (comparison
between stochastic model and the fractional Fokker-Planck equation for the mass transport
in porous media)

Rakotonasy have Mathematics Ph.D., his specialty is the mechanical and he has many
papers on stockastic models, he is a teacher researcher at science faculty at the University of
Antananarivo

Ratiarison is Professor of atmospheric physics in University of Antananarivo , Adolphe
lead Laboratoire DYACO Laboratory in Science faculty and his specialization in oceans
Mechanical

Ravonimanantsoa Manda VY have a PhD in telecommunications, he is a specialist in
applied computing, VoIP, networks, computer science, he is a teacher researcher at ESPAat
the University of Antananarivo

225

Vol. 7, Issue 1, pp. 217-225

