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ABSTRACT

The Furuta Pendulum is a mechanical system designed to simulate the problem of self-balancing. It consists of a
motor, an arm, and a rod connected by rotational joints. Its control challenge involves stabilizing the rod above
its rotational axis in an equilibrium position. The Furuta Pendulum’s multivariable and highly nonlinear
dynamics make it suitable for comparison to problems with significant connections to industry and society, such
as stabilizing bipedal robots, individual transport vehicles, and modelling buildings to study the impact of
earthquakes on their structures. This paper presents the construction of a Furuta Pendulum prototype and its
mathematical modeling using the Lagrangian formulation. State feedback control designs were developed to
stabilize the pendulum using Pole Placement and Linear Quadratic Regulator (LQR) techniques. Since the
controllers are implemented via a digital computer, the Analog/Digital and Digital/Analog converters in the
control loop were considered in the controller’s design by describing the system’s dynamics in discrete time and
using discrete-time control techniques. State estimators were also implemented to estimate the state variables
needed for feedback that are not physically measured in the prototype. The performances of the controllers were
compared through graphical analysis and the ITAE (Integral of Time Multiplied by Absolute Error) index. The
results indicated that both controllers were able to stabilize the pendulum’s rod in a vertical position and make
the system arm follow a specific reference. The LQR controller showed a slightly more satisfactory performance
than the Pole Placement controller, with smaller amplitudes of oscillation around the reference in the practical
experiments and a shorter time to reach equilibrium in the simulations.

KEYWORDS: Furuta Pendulum, Lagrangian Modeling, Pole Placement, Linear Quadratic Regulator (LQR),
Discrete-time control.

I. INTRODUCTION

The Rotational Pendulum, also known as a Furuta Pendulum, is a type of inverted pendulum developed
by Katsuhisa Furuta and his team in 1992 as a didactic tool for the study of control techniques [1]. This
system consists of a motor, an arm, and a rod. The motor is coupled to one end of the arm. The arm
stands in a horizontal position, and the motor generates the rotation movement of the set. At the other
end of the arm, an articulated rod is positioned, performing the function of a pendulum. Therefore, this
device has two rotational joints that define the number of degrees of freedom of the system and contains
only one control input [2].

The main challenge inherent to this mechanical system is to stabilize the rod above its rotational axis in
a vertical position. In this way, the pendulum should stay balanced around the point of operation. The
Furuta Pendulum also stands out for being a multivariable underactuated system and for presenting
nonlinear dynamic characteristics [3].
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Due to these characteristics, stabilizing the Furuta Pendulum in the vertical position has become a
classic problem in the control field, and it has motivated the development of several studies. Different
control techniques can be used to solve this problem. For example, [4] simulated a Pole Placement via
state feedback control of a Furuta Pendulum. The Linear Quadratic Regulator (LQR) technique was
used to control this system in [5], and a predictive controller was considered in [6, 7]. The authors in
[8, 9] explored the use of an adaptive neural network to control a Furuta Pendulum, and [10] applied an
integral plus proportional controller (PIP). Sliding mode control was employed in [11, 12]. An adaptive
frame of reference model combined with a PID controller was considered in [2]. The papers [13, 14]
applied Hoo control to Furuta Pendulums. Finally, a Fuzzy-PID method was employed in [15, 16].

Despite its simple construction and didactic purpose [17], the Furuta Pendulum resembles mechanical
systems relevant to society and industry. For instance, modeling bipedal robots [18] and controlling
rocket’s launch [19] is worth mentioning. Additionally, the control of individual vehicles using the
Furuta Pendulum has been explored in [20], and NASA has also conducted studies on autonomous
robots based on this system [21]. Finally, the control of vibrations in structures can be analyzed by
modeling an inverted pendulum [22]. From this perspective, the results obtained at the prototype level
can serve as a reference for real systems.

The object of study of this work consists of a Furuta Pendulum prototype installed in the Industrial
Automation and Control laboratory of the Federal Institute of Parana, Jacarezinho, Parand, Brazil,
which was designed together with the Federal Technological University of Parana, Cornélio Procépio,
Parand, Brazil. The relevant parameters of the motor used in the prototype, such as the armature
inductance, armature resistance, motor shaft, and damping constants were obtained through experiments
[23].

This paper presents the mathematical modeling of the Furuta Pendulum, which was analytically carried
out using the Lagrangian formulation. Furthermore, two discrete-time state feedback controllers were
designed to stabilize the system’s pendulum in the vertical position using Pole Placement and LQR
techniques, respectively. The mathematical modeling, as well as the controller designs, were validated
through simulations and experiments. Finally, graphical analysis and ITAE index compared the
controllers’ performance.

Although the Furuta Pendulum presents nonlinear dynamics, as previously mentioned, many works
employ a linear approximation of its model in the controller design. In this sense, some relevant results
are found in [13, 15, 24-26]. It is important to point out that this work also considers a linear model to
design the controllers so that the system’s operation is restricted to the vicinity of its operating point.
The prototype measures only the rod’s and arm’s angles. Due to this, to implement the state feedback
strategies, state estimators were designed based on the linear model of the system [27] and used with
the controllers.

The rest of the paper is divided as follows. Section 2 presents the prototype’s structural aspects and
indicates the system’s parameters and variables. Section 3 describes the mathematical model of the
Furuta Pendulum. The design of the controllers is presented in Section 4. Section 5 presents the results.
Finally, Section 6 concludes and suggests possible future work.

Il. FURUTA PENDULUM PROTOTYPE

Figure 1 shows a diagram of the Furuta Pendulum prototype used in this work. In this figure, 6, (t)
represents the angle of the Pendulum’s arm measured in a horizontal plane, whose direction is
determined by the axis X, of the inertial coordinate system {0}. The angle 6, (t) represents the angle of
the Pendulum’s rod, and it is measured in a vertical plane between the pendulum rod and the axis X,
of the coordinate system {2}. v(t) represents the voltage applied to the motor. In this prototype, both
angles 6, (t) and 8, (t) are measured by sensors and are available for feedback, while the voltage v(t)
is the control signal.
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Figure 1. Diagram of the Furuta Pendulum prototype.

The motor supplies the torque to the arm and generates a combined movement between the arm and the
rod, allowing the rod to oscillate freely around its axis of rotation, Z,. The main objective of the
controller of this system is to apply an adequate voltage to the motor so that the rod remains around the
vertical position, defined by 6,(t) = mrad.

Figure 2 shows the bench setup used in the experiments, where numbers are used to identify the main
components. The prototype of the Furuta Pendulum is labeled as (5). The system’s rotation is generated
by a brushless 12 ¥V DC motor manufactured by Maxon®. An incremental encoder of 500 PPR (Pulses
per Revolution) is installed on the motor shaft, whose function is to measure the arm’s angular position,
6, (t). The prototype’s arm is made of aluminum and is attached to the motor shaft at one end. At the
other end of the arm, there is a 600 PPR incremental encoder, which aims to measure the angle of the
rod position, 68, (t). The rod is a cylindrical and thin component made of aluminum, which performs
the pendulum function in the system. This component is coupled to the motor’s arm by a nylon cylinder.

The voltages supplied to the motor and encoders are provided by a 12 V and a 5 V DC power supplies,
(D) and (6), respectively.

The data acquisition system, which is responsible for providing signals from the sensors to the computer
and sending control actions to the actuators, consists of a National Instruments® NI-PCI 6602 board
(located inside the computer) and a connector block labeled as (4). The controller is implemented using
MatLab/Simulink® software and runs on an Intel(R) Core (TM) Duo E8600 processor clocked at
3.33 GHz with 2 GB installed memory (2).

The control signal is sent to the H-bridge (3), which converts it into an equivalent voltage that powers
the motor. In consequence, it controls the direction and speed of movement. The controller aims to
stabilize the rod in the inverted position (6,(t) = mrad), even when the system is subject to
disturbances or changes in the arm angle. Controllers based on Pole Placement and LQR techniques
were designed, simulated, and applied to the prototype shown in Figure 2. These controllers’ design
and implementation details are presented after the mathematical model of this system in the next section.
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Figure 2. Furuta Pendulum prototype available at the Industrial Automation and Control Laboratory of the
Federal Institute of Paran, Jacarezinho, Parand, Brazil.

Il. MATHEMATICAL MODEL

Figure 3 presents the coordinate systems and defines the main variables, parameters, and states of the
Furuta pendulum. As can be seen, the reference system is composed of the inertial (static) coordinate
system {0}. The origin is located on the motor’s axis, constituted by the vectors X, ¥y, and Z,.

Figure 3. Furuta Pendulum reference system.

The coordinate system {1} can also be observed in Figure 3. It consists of the unit vectors X;, ¥; and
Z,, with the same origin as the system {0}. However, the coordinate system {1} is rotated by the angle

6, around the axis Z, regarding to the system {0}. Thus, the location of the system {1} in relation to
{0} is determined by the rotation matrix [28]

cos(f;) sin(6;) O
R =|—sin(8,) cos(6,) Ol
0 0 1
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Finally, the coordinate system {2} is made up of the unit vectors X,, ¥,, and Z,, originating from the
rod’s rotational axis (see Figure 3). This system has a rotation of /2 rad around the axis ¥; and a
magnitude shift of L, with respect to the origin of the system {0}. The coordinate system transformation
matrix from {2} to {0} is determined by the product of a rotation matrix of angle 6, and a matrix that
considers the translation between these two systems [28], which gives

cos(6,) sin(6,) 0 -1 sin(6,) —cos(6,)
9R =|—sin(8,) cos(6,) O [ ] COS(Qz) sin(6,) |- )
0 0 Ly 0

The Furuta Pendulum shown in Figure 2 has one main axis along the arm X;, and the other two principal
axes located in a plane perpendicular to the arm (¥; and Z,). These three axes are mutually orthogonal.
Thus, the inertia tensor of the pendulum arm is [29]

Jixx O 0
Ji=10 Juy 0] 2)
0 0 Jiz

where Jiyx, Jiyy, and J;,, are the moments of inertia about the principal axes X, ¥; and Z;,

respectively. The pendulum’s rod, in turn, is defined in the main axes of the system {2} (X3, V5, Z), s0
the inertia tensor is defined as [29]

]ZXX 0 0
=0 Jayy O 3)
0 0 ] 22z

where Jp4y, Jayy, and J,,, are the moments of inertia about the principal axes X,, ¥;, and Z,,
respectively.

The kinetic and potential energies are used in the Lagrangian formulation. Therefore, these energies
need to be calculated. The angular velocity is incorporated in the kinetic energy of the system, which,
for the arm, is given by

w=1[0 0 6,]" (4)

Considering that the system starts from the rest, the initial velocity of the arm is
v; = [0 0 0]". The total linear velocity of the center of mass of the arm is given by the sum of the
initial velocity of the arm and the vector product of the angular velocity and the position vector, i. e.,

Vie=vi+wyx [l; 0 0" =[0 6,1, o], )

where [; represents the distance between the center of mass of the arm and the motor shaft. For the
prototype, this distance corresponds to half the length of the arm, that is, [; = L, /2.

The angular velocity of the rod with reference to coordinate system {0}, using (1), is given by
w,=RXw;+[0 0 6,]T = [—cos(6,)6; sin(6,)6; 6,]. (6)

The velocity of the joint between the arm and the rod in the initial position is w; X [L; 0 0]7. So,
the speed of the rod in the final position can be calculated with reference to the system {0} employing

():
élLl Sin(92)
v, =IRXw; x[Ly 0 0]T= 6,L, cos(8,) | (7)
0
The total linear velocity of the center of mass of the rod, using (6) and (7), is given by
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6L, sin(6,)
VZC = V2 + (,()2 X [lz 0 O]T = élLl COS(92) + ézlz . (8)
—0,1, sin(6,)

During the movement, the height of the arm does not change, since it has no vertical movement. As a
result, the potential energy of the arm is [30]

Ep = 0. (©)
To define the kinetic energy of the arm, the rotation and translation movements of this component are
considered [30], then, by using (6), (2) and (4),
1 1.
Ey = 5 (ViemqVie + 0l ;) = 5912( mylf + J122), (10)

where m, corresponds to the mass of the arm.

For the rod, there is variation in height due to its rotation movement in a vertical plane. The height of
the rod’s center of mass depends on the angle 8, and it is given by [,(1 — cos(6,)), where [, is the
distance from the origin of the coordinate system {2} to the rod’s center of mass. Therefore, the potential
energy of this component is [30]

Ep2 = gmzlz(1 - COS(Qz))» (11)
where m, corresponds to the mass of the rod.

The kinetic energy of the rod is also defined from the rotation and translation movements [30], so

1
Ey, = > (V3emaVae + w3 ),w)). (12)
Then, by using (3), (7) and (8), (12) can be written as

1. 1.
Ey, = 5912 [mzL% + (m2l§ +]2yy)Sin2(92) + JaxxCos?(6;) + 5922]222 + myl3

- (13)
+ myL,1, cos(6,) 6,0,.
The potential energy and total kinetic energy of the system are
Ep = Epl + Epz, (14)
Ek = Ekl + EkZ' (15)

The Lagrangian function is defined as the difference between the Kinetic energy and the potential energy
of the system [31]:

L = Ex — E,,. (16)
The Euler Lagrange equation, considering the viscosity of the system, is given by [31]
d <6L> + b oL 17

where gq; = [01, 6,]7 is the generalized coordinate vector, b; = [by, b,]7 represents the vector of
the generalized viscous damping coefficients and Q; = [T1, 72]7 is the vector of generalized forces
(torques).

. . d (0L daL -
In order to solve (17), first consider the terms - (a_q-) and — FP for each variable g, = 6, and g, = 6,.
Based on (11)-(17), these terms are calculated as
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d (0L .. ) ) 5 - )
I = 01[J127 + M + maLi + (Mal5 + J5yy )sin?(62) + Joxxc05%(62)]

96, ) R (18)
+ myL,1, cos(6,) 8, — m,Lql, sin(6,) 05
+ 6,0, sin(20,) (M35 + J2yy = Joxx)-
d [ oL .. .. . . .
PN = 0,myL,1, cos(6;) + 0,(J,,, + myl5) — 6,0,m,L41; sin(6,). (19)
2
oL _ 0 (20)
00,
dL 1. ..
- a0, = _5912 sin(260,)(My13 + Joyy — Jaxx) + 6162m; L4 15 sin(8,) + gmyl, sin(6y). (21)

The pendulum used in this work has long and thin arm and rod, which enable the moment of inertia
along the axis of these components to be neglected. Additionally, the pendulum has rotational
symmetry, so the moments of inertia about two of its main axes are almost equal. As a result, it is
possible to obtain an approximation of the inertia tensors (2) and (3), as described in [32], as

Jixk 0 0] [0 0 0]
]1 = 0 ]1)/)/ 0 =~ 0 ]1 0
0 0 Jiz 0 0 Jii
) - (22)
]Zxx 0 0 0 0 07
]2 = 0 ]Zyy 0 4 0 ]2 0 .
| 0 0 ]ZZZ_ 0 0 J
According to the parallel axis theorem, the moment of inertia of the arm about its axis of rotation is
Ji=1+mlg. (23)
For the rod, the moment of inertia is defined as
Jo =]z + myl,. (24)

Finally, the total moment of inertia that the motor experiences when the rod is in its equilibrium position
(6,(t) = 0 in Figure 3) is

Jo=Ti+mpli = i+ mylf + mylf. (25)
Applying (18)-(25) in the Euler Lagrange equation (17) results in [32]:

( 0 [Jo + Josin?(8,)] + 6,m; L4 1, cos(6;) )
—myL41, sin(8,)6% + 6,6,], sin(26,) + b, 6, .

.. v n 1... = . 26
0,m,L,1, cos(8,) + 0, ], + Eezzjzsin(ZGZ) [12] (26)
+b,0, + gm,l, sin(6,)

The Pendulum is driven by a DC motor attached to one end of the arm. The torque provided by this
motor is T (t) = K,,.i(t), where i(t) the electric current in the motor armature and K,,, the motor
constant. Besides, consider that there are external torques 7, (t) and 7,(t) acting on the arm and rod
axes, respectively. So, it follows that

71 = Kni(t) + 71(2), (27)
T, = To(t). (28)
Using (27) and (28), (26) can be written as
My Mip)[6, __[Ci1 Ci2 6, Kni®)+7(0)] _[ 0
My, ], ] [92] - [C21 b, ] [92] * [ T,(t) ] [To(t)]' (29)
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where
My = Jo + J,sin?(6,),

My, = myL4l; cos(6y),

1. .
C11 = bl + 592]2 Sin(292),
1. . ;
Ci2 = 591]2 sin(26;) — mLy1; sin(62)6;,

1. .
(1 = —591]2 sin(26,),

7o(t) = gmyl,sin(6s).

In addition, the differential equation that describes a DC motor can be defined from Kirchhoff’s law as
[23]

di
™ dt
where L,,, represents the inductance in the armature of the motor, R,, is the armature resistance of the
motor, and v(t) the voltage that drives the motor.

Based on (30) and (29), let x;(t) = 601(t), x,(t) = 6,(t), x3(t) = 0,(t), x4(t) = 6,(t) and
x5(t) = i(t) be the state variables of the Furuta Pendulum dynamics, and u(t) = v(t) be its control
signal.

L (t) = —R,,,i(t) — K01 + v(0), (30)

As previously mentioned, the dynamics of the system will be linearized around the operating point
x(0) = [x,(0) x,(0) x3(0) x4(0) x5(0)]"=[0 =« 0 o0 o0]" for the design of the
controllers. Due to this, the system must remain around the operation point when functioning, that is,
the pendulum must oscillate within a very small range close to the desired position. This deviation of
the pendulum’s position from the equilibrium point is represented by 46,(t). As a result, one has
cos(6,) = cos(mw + A460,(t)) = 1andsin(6,) = sin(m + 40,(t)) = 460,(t).

Therefore, (29) and (30) lead to the linearized state space dynamics given by

x(t) = Ax(t) + Bu(t) + Di(t), (31)
where
x(O)7 = [x1(t) %) x3(6) x(8) x5(1)],
0 O 1 0 0 0
0 O 0 1 0 0
i— 0 A3, Azz Az Ass 5= 0
T |0 Ay Asz Aga Ays | - g ’
K R
o o - o -™m —
| L, Ly, Lin
~_ 1100 J2 myLyl, 0 T 73(t)
D=— . , T(t) = [_ ],
den 0 0 mlelz ]0 0 TZ (t)
A =gm%l%L1 _ _b1_j2 _ _b2m2l2L1 e = fsz
32 den °~ %3 den’ 3% den '’ 35 den ’
A _gmzlzjo A = _b1m2l2L1 A, = _szo _ _mlelsz
42 den '’ 43 den '’ 44 den’ 45 den '’

den = Jof, —m3L315.
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The acquisition board used in the prototype described in Section 2 has a sampling period of T, =
0.02s. The plant dynamics were represented in discrete time using the ZOH (Zero-Order Hold) method
[27] to take into account the effect of the A/D and D/A converters.
This method provides the discrete model matrices as @ = e4s | T = fOTSeAn dnB and ¥ =
fOTSe“Tn dnD (considering step-like disturbances). Thus, the new matrices depend on the sampling
time, T;. The dynamics (31) are described in discrete time as
E(k+1) = &(k) + Tu(k) + Wd(k),
z(k) = AS(k),
y(k) = HE(k), (32)
§U) = [G1(k) &(k) &(k) &a(k) &),
dk) = [di(k) da(R)]", y(k) = [g1(k) 42(K)]",

where &; (k), &, (k), &5(k), €4 (k) and & (k) are the samples of x4 (t), x5 (t), x3(t), x4(t) and xg(t) at
each instant kT, respectively. d, (k) and d, (k) are the samples of 7, (t) and 7, (t); ¢4 (t) and 4, (t)
are the measured outputs, and z (k) is the controlled output.

The matrices presented in the model of the discrete time system (32) depend on the system parameters,
which values and units are indicated in Table 1. Using the values in Table 1, the matrices in (32) are
calculated as follows

1 0.0010 0.0199 -0.0000 0.0001

0 1.0157 -0.0001 0.0198 0.0001
® =10 0.0959 09937 -—0.0008 0.0025 |

0

0

l 15664 —0.0079 0.9871 0.0032J
—0.0025 —0.0262 0.0000 —0.0001
0.0012 0.0456  0.0573 33)
0.0015 0.0573  0.9348
I = |01188|, w=]| 45580 57114 |
0.1488 57114 93.2669
0.5056 —0.1188 —0.1488
1 00 0 0 B
H_[01000]'A_[10000]'

Table 1. Parameters of the Furuta Pendulum prototype.

Parameter Description [Unity] Value
J1 Total inertia of the arm axis [N.m?] 1.4064 x 1073
I Total inertia of the rod axis [N.m?] 2.3031 x 107*
b, Damping coefficient of the arm axis [N.m.s/rad] 2.6931 x 107°
b, Damping coefficient of the rod axis [N.m. s/rad] 1.3823 x 107*
g Gravity acceleration [m/s?] 9.81
my Mass of the arm [kg] 0.0248
m, Mass of the rod [kg] 0.0171
Ly Total length of the arm [m] 0.170
L, Total length of the rod [m] 0.200
L, Half of the arm length [m] 0.085
l, Half of the rod length [m] 0.1
L, Inductance of the motor’s armature [H] 42380 x 107*
R, Resistance of the motor’s armature [2] 1.9658
K., Motor constant [V.s/rad] 0.05178
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The following section discusses the theory used to control the Furuta Pendulum prototype, which is
described in Section 2, using the model (32) and (33).

IV. FURUTA PENDULUM STATE FEEDBACK CONTROL

This section describes the strategies used to control the Furuta Pendulum and the theory on which they
are based. State feedback control will be used, which considers that all state variables of a system are
measurable and available for feedback. In discrete time, the state space model of the system,
disregarding the disturb, is given by

x(k +1) = dx(k) + Tu(k), y(k) = Hx(k), (34)

where x(k) € R™ is the state vector, u(k) € R™ is the input vector, and ¢ (k) € R! is the output
vector. The matrices ® € R™™ ' € R™™ and H € R™™ are constant and known. The pair (®, ")
is considered completely state controllable.

The discrete control law is composed by the linear combination of all state variables. For a system that
has only one control input, the control law is given by

x1 (k)

x5 (k)

u(k) = —Kx(k) = —[ky ky ks ... ky] [x3§k) (35)

xn(K)

where K € R" is the gain vector, designed so that the closed-loop system has the desired eigenvalues
and presents an adequate response. Considering the system (34) and state feedback (35), the closed loop
system has its structure according to Figure 4 and dynamics given by

x(k +1) = [® — [K]x(k). (36)

Plant

| (k4 1) = a(k) + Tulk) _—

-K (———

Figure 4. State feedback control [27].

4.1. State Estimator

In practice, it is possible that not all state variables of a real system are measurable and available for
feedback. The unavailable state variables, therefore, must be estimated to use the control law (35), what
can be done by using a state estimator. This work considers a state predictor estimator, which diagram
is shown in Figure 5.

The dynamics of the state estimator is given by
¥(k +1) = ®x(k) + Tu(k) + L, [y (k) — Hx(k)], (37)

where L, is a gain matrix to be determined. This estimator is called predictive because a measure in
time k results in state estimation at k + 1 [27].
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! . + y(k) !
| Estimator .

________________________________________

Figure 5. State estimator diagram [27].

Let the error between the estimated state and the real state of the plant be X¥(k) = x(k) — x(k). Then,
Xk+1) = x(k+1)— x(k+1). (38)
Replacing (34) and (37) in (38), it follows that
¥(k+1) = ®x(k) + Tu(k) + L[y (k) — Hx(k)] — [®x(k) + Tu(k)].
From (34), ¢ (k) = Hx(k), so
x(k+1) = ®[x(k) —x(k)] — LyH[x(k) —x(k)] = [® — L,H]%(k). (39)

If the dynamics (39) is asymptotically stable, the estimation error ¥ — 0 as k — oo, whatever the
value of %(0). For the estimation to be efficient, it is necessary that X(k) converge faster than x (k).
For that, the estimator gain L,, must be such that the eigenvalues of ® — L, H are adequate.

Remark 1 The problem of finding the gain L, in (39) is similar to finding the gain K in (36).
Specifically, consider the system

z(k+1) = ®Tz(k) + HTu(k), (40)
with the control law

u(k) = —Lyz(k). (41)

The characteristic equation of the closed-loop system (40) and (41) is det (sI — (7 — HT L})) =
det (sI — (® — L,H)), where the latter is the characteristic equation of (39). Thus, the problem of
finding the estimator gain L,, in (39) is equivalent to finding the state feedback gain for the system (40)

and (41). Therefore, the same methodology used to design the gain K in (36) can be applied to design
the gain L,, using the auxiliary system (40) and (41) [33].

4.2. State Feedback Control with State Estimator

Not all state variables are available for feedback in the Furuta Pendulum considered in this paper.
Therefore, in order to use the control law (35), the idea is to use the state estimation given by (36). The
new feedback control law is given by

u(k) = —Kx (k). (42)
A diagram of this control strategy is shown in Figure 6.

The equation describing the system in Figure 6 consists of the dynamics of the estimation error (39)
along with the system dynamics (34) and control law (42). Knowing that ¥(k) = x(k) — x(k), one
has x(k) = ¥(k) + x(k). Thus, when placed in matrix form, the complete dynamics of the control
diagram in Figure 6 become

675 | DOI: 10.5281/zen0d0.14824142 Vol. 17, Issue 6, pp. 665-686



https://dx.doi.org/10.5281/zenodo.14824142

International Journal of Advances in Engineering & Technology, Dec., 2024.

OIJAET ISSN: 22311963
#(k+1)]_ [® — L,H 0 1[xk)
[x(k + 1)] B [ —er o — FK] [x(k) ’ “43)
Plant Sensor

u(k) y(k)

—m x(k+1) = Px(k) +Tu(k) ——m= H -—
___________ ] W) |
T L T 0 41) = @ (a0 (0 |2

Contro ,
Law L, u'(k)
y(k)
o N
+y(k)
___I_E_stimator _____
Contr-;)-ﬁer

Figure 6. State feedback controller with estimator [27].

which characteristic equation is given by
D+ L,H 0 ] o,
'K zZ —® +TK

Since the matrix given in (44) is zero on the upper right-hand side, its characteristic equation can be
written as

a(z) = det [ZI B (44)

a(z) = det[z1— ® + L,H|det[zl — ® + TK] = a,(2)a.(z) =0, (45)

where a,(z) is the characteristic polynomial of the estimator error (39) and a.(z) is the characteristic
polynomial of the closed-loop system (36). Therefore, the roots of the characteristic polynomial of the
complete system consist of a combination of the roots of the characteristic polynomial of the estimator
with the roots of the characteristic polynomial of the closed-loop plant, and they do not differ from
those obtained assuming that the state of the plant (x(k)) is available for state feedback. Consequently,
the controller and the estimator can be designed separately and used together. In other words, the system
eigenvalues of (45) depend on the eigenvalues of the matrices @ — 'K and @ — L, H. Thus, the gain
matrices K and L,, can be designed independently. In the next sections, the two methods used in this
work to obtain these matrices are presented [27].

4.3. Pole Placement

For a discrete-time and completely controllable state system, the closed-loop poles can be placed in any
desired position of the Z plane, by means of state feedback, using an appropriate gain matrix [33]. This
design method is commonly referred to as Pole Placement.

The closed-loop system given by (36) has characteristic equation
det[zl — ® + TK] = 0. (46)

Therefore, the poles of the feedback system depend on K, and can be found using the characteristic
equation (46). Thus, it is sufficient to find a matrix K such that the poles of the feedback system coincide
with the desired locations [27]. A convenient way to find the gain matrix is to use Ackermann’s formula
[34] to eliminate the need for calculating the determinant in (46). The Ackermann’s formula is given

by
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K=10, .., 1][r &r &2r .. o"Irla.(P), (47)
where C = [T &I ®2r .. " 1r] is the controllability matrix, which is nonsingular for a state

controllable system; n is the order of the system, and a.(®) is the desired characteristic equation for
the closed-loop system a.(z) such that z is substituted with the matrix ® and the independent term is
multiplied by the identity matrix of order n.

4.4. Linear Quadratic Regulator (LQR)

The Linear Quadratic Regulator (LQR) method consists of finding a control vector that transfers the
system from an initial state to an equilibrium point and for which the quadratic performance index J is
minimized. Considering the system presented in (32), the discrete-time performance index J is given
by [35]

J= Z x(K)TQx(k) + u(k)TRu(k), (48)
k=0

where the state weighting matrix, Q € R™ ™, is positive semidefinite and symmetric, and the control
weighting matrix, R € R™™, is positive definite [33]. These matrices represent the relative
importance of the state variables in achieving the desired control objectives, such reducing the
overshoot in a step response, and the relative importance of the control effort in achieving the desired
control objectives, respectively.

Using the control law (35), the performance index (48) is minimized by calculating the gain K by [27]

K=R+TTSD)™I’so, (49)
where S is found by solving the Riccati equation associated with the discrete case
S =®[S—ST(R+TTSD)™Ir’s]e + Q. (50)

4.5. Arm Position Control

Both Pole Placement and LQR control aims to stabilize the system at the equilibrium point x(k) = 0.
In order to use these control laws and change the angular position of the arm to 6;(t) = 64, # 0, a
change of variables is proposed. This case is shown in Figure 7.

—

Motor
Figure 7. Arm and rod balance positions.

Note that the state x,, = [#;, 0 0 0 0] is an equilibrium point of the Furuta Pendulum with
u(k) = 0,i. e, from (33) and (34),

x(k+1) = dx, = x,. (51)

The error between the state of the Furuta Pendulum x (k) and the final equilibrium position x,. is defined
as
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e(k) = x(k) — x,. (52)

The idea is to describe the Furuta Pendulum using the new state vector (k). Note that (k) = 0 in
(52) implies x(k) = x,.. Also, when the system is in the equilibrium point one has x(k) = x(k + 1) =
Xp

From (52), (31) and (51), one has

ek+1)=xtk+1)—x, = ®x(k) + Tu(k) — &x, = ®(x(k) — x,) + Tu(k)

= de(k) + Tu(k). (53)
The control law based in the error (k) in (53) is shown in Figure 8 and given by
u(k) = —Ke(k) = —K|[x(k) — x,]. (54)

k) (k) _
L Furuta Pendulum i \-¢

e(k)

- K

Figure 8. Control diagram used to stabilize the Furuta Pendulum in the equilibrium point x (k) = x,..
By substituting the control law (54) in (53), it follows that
ek +1) = de(k) + TKe(k) = [® — T'K]e(k). (55)

Note that, from (55), the position error has the same dynamics as (36). This indicates that a feedback
gain designed to stabilize the dynamics (36) can be effectively used in the control structure depicted in
Figure 8 to bring the system state to the desired equilibrium point x(k) = x,.. Based on this observation,
the control gains are designed in this study by utilizing the dynamics (36), using Pole Placement and
LQR, and used in implementing the control structure illustrated in Figure 8.

V. RESULTS

The design of state feedback controllers consists of determining a matrix gain that provides an adequate
system response in simulations and experiments. According to Subsection 4.1, as the instrumentation
of the Furuta Pendulum system used does not allow the measurement of all the state variables of the
model (31), a state predictor estimator was also used to estimate the state variables for feedback. It is
important to highlight that the controller and estimator designs follow the same procedures for both
adopted control techniques.

In the case of the Pole Placement technique, the design begins with selecting a pole vector in continuous
time. Poles on the left half-plane of the complex plane were empirically chosen. Any transient response
can reach equilibrium in this condition, characterizing a stable system [33]. Thus, the pole vector in
continuous time for the controller is given by

p.=[-6 -7 -8 -9 -10]". (56)

Regarding the estimator, the empirically selected poles must be farther from the imaginary axis than
the controller poles to guarantee state variable estimation [33]. The vector with the chosen poles for the
estimator is

lo=[-150 —-152 -154 -156 —158]. (57)
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From the vectors given in (56) and (57), the mapping z = e5%s was used to determine the poles in
discrete time, where s is the pole in continuous time, T, = 0.02 s is the sampling period, and z is the
corresponding pole in discrete time. The following vector, for the controller and estimator, respectively,
were obtained

p = [0.8869 0.8694 0.8521 0.8353 0.8187]", (58)
I = [0.0498 0.0478 0.0460 0.0442 0.0408]". (59)

The design of the gain matrices K and L,, from (36) and (37), respectively, were calculated using the
command ‘place’ in MatLab®. Considering the poles in (58), and the matrices ® and I in (33), the
feedback gain

K = [-0.9416 16.0556 —0.6789 1.6979 —0.9111] (60)
was obtained. Using the poles (59) and the matrices ® and H from (33), it followed that

1.8857 —0.0275 44.4812 —-1.2606 —62.5982]
—0.0230 1.8822 —0.7780 45.2519 —88.8423[

Regarding the LQR controller, the quadratic performance index (48) depends on the state weighting
matrix, Q, and the control weighting matrix, R. These matrices define the relative importance of the
state variables and control inputs in the control design. The matrices were empirically chosen based on
the desired performance specifications of the closed loop. For the feedback gain design, these matrices
were chosen as

Ly = (61)

150 0 O0 0 O

0 200 0 0 O
Q=10 0 5 0 0f R=I[2] (62)

0 50

0 0
l 0 0 0 O 5J
Using the ‘dlgr’ command in MatLab® and considering the matrices in (33) and (62), the following
gain was obtained for the control law (36):
K = [-5.0336 52.1491 -2.9019 5.5980 0.0106]. (63)

The design of the state estimator was also performed using the LQR technique. In this case, the design
matrices were chosen as

0.0001 0 0 0 0

0 0.0001 0 0 0

Q=] o 0 00001 0 0 |, Ry =10 [0'4340 04%40]. (64)
0 0 0 1.000 0 ’
0 0 0 0 1.000

Considering the matrices in (33) and (63), the following gain was obtained
7= [17997 —0.0073 40.2324 —0.5225 —1.0598] (65)
p —0.0005 1.8081 0.0157 41.4078 —0.0004r

Remark 2 Note that this paper considered linear approaches to design the feedback gains and state
estimators. Therefore, it is required that the system remains close to its equilibrium point so that the
linear approximation remains valid. This fact, a limitation of this approach, must be considered when
using the proposed control strategy and was observed during the tests.

The Pole Placement and LQR controllers were tested in simulations and experiments under two
conditions. For simulations, the initial condition was 46, (t) = —n/12 rad, with other state variables
set to zero, around the unstable equilibrium position 6,(t) = m rad. In experiments, the rod was first
taken from the stable equilibrium point 8,(t) = 0 to the inverted position 6,(t) = m before the
controller were activated.
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The simulation results, obtained using the scheme in Figure 6 along with ZOH to represent the sampling
period of Ty = 0.02 s, are subject to modeling errors and inherent implementation noise when tested
in the real prototype.

To quantitatively compare the two controllers, a finite-time version of the ITAE performance index was
used, which is given by
t

f
ITAE = f te(t) dt, (66)

t

where t; is the initial time, t¢, the final time, e(t), the error between the output of the system, 6, (¢) and
6,(t) and the respective references for each of them. For all experiments and simulations, it was
considered t; = 10 s and ty = 60 s. The controller with the best performance will be the one that
presents the lowest value of this criterion.

5.1. First Experiment

In the first experiment, the following reference was considered for 8, (t):

0, 0<t<20,
0.(t) = {m/3, 20 <t < 40, (67)
0, 40 < t.

The simulated results of 8,(t), 6,(t) and the control signal are presented in Figure 9, while in Figure
10, the results obtained in the real prototype of the Furuta Pendulum are shown, both considering the
reference (67). The ITAE values for this experiment are shown in Table 2.

The state feedback with state estimator designed using Pole Placement and LQR were able to stabilize
the rod of the Furuta Pendulum in the inverted position (8,(t) = mrad) and track the desired
trajectory for the arm angle 6, (t), as shown in Figures 9 and 10. It can be seen that the controllers had
similar performances in the simulations, but the LQR controller had a slight advantage in the time
required for stabilization.

However, in Figure 10, it can be observed that the experimental data showed an oscillatory response
around the desired reference, which can be attributed to the nonlinear dynamics, imperfections and
noise in the prototype. Specifically, the control designed using Pole Placement exhibited larger
oscillation amplitude than the LQR controller.

Based on the information in Figures 9 and 10, the data presented in Table 2 indicated that, in most cases,
the LQR controller outperformed the Pole Placement technique in this experiment. The only exception
was 6, (t) obtained from simulation, where the Pole Placement controller had a slight advantage of less
than 10%. Furthermore, it can be observed that the control signal did not saturate since the maximum
limit for the motor voltage was 12 V.

Table 2. ITAE index (66) considering the reference (67) to 9, (t).
LQR.100% /

Test Angle LOQR Pole Placement Pole Placement
Simulation 0,(t) 24.772 29.029 85.335
40,(t) 2.445 2.246 108.875
Prototype 0,(t) 95.037 161.627 58.800
40,(t) 13174 16.201 81.316
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Figure 9. Results obtained by simulation of the Furuta Pendulum considering the reference (67) to 8,(t).
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Figure 10. Results obtained experimentally in the Furuta Pendulum considering the reference (67) to 9, (¢t).
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5.2. Second Experiment

It can be seen in (27) and (30) that applying an additional signal to the motor voltage generates a current
in the motor armature circuit. This current, in turn, influences the dynamics of the angular positions of
the rod and arm of the Furuta Pendulum, being added to the term K, i(t), and acting as a disturbance
7,(t) in (27).

As this voltage disturbance can be replicated adequately during experiments, it was adopted. In the
second experiment, therefore, a disturbance was applied, represented by a signal added to the control
action applied to the system, while the reference for the angle of the arm was 6,.(t) = 0. However, a
certain time interval was chosen to subject the system to a disturbance, according to

1V, 30<t<30.)5,
d(t)=4—-1V, 305<t<31, (68)
0, otherwise.

For this experiment, the results of the simulation and the experiment in the real prototype are presented
in Figures 11 and 12, respectively.

For both controllers, even with the disturbance (68), the closed-loop system remained stable, with an
error that tended to zero. However, it is possible to verify a significant value in the amplitude of
oscillation for the controller using Pole Placement in comparison to the LQR one, shown in the
simulation (Figure 11). This significant difference, however, was not revealed in the experiment (Figure
12). This behavior is reflected in the values of Table 3, which indicate a superior performance for the
controller using LQR in all situations related to the ITAE index.

Table 3. ITAE index (66) considering the disturbance given by (68) in the voltage applied to the motor and
reference 6, = 0.

LQR.100% /

Test Angle LQR Pole Placement Pole Placement
Simulation 0.(t) 2.960 14.660 20.190
40,(1) 0.767 3.974 19.292
Prototype 0.(t) 132.914 198.461 66.972
40,(t) 9.789 16.392 59.722

Finally, it is worth mentioning that, in this experiment, the control signal also did not saturate, for the
same reason indicated in the first experiment (Subsection 5.1).

V1. CONCLUSIONS

This study presented the mathematical model obtained through the Lagrangian formulation of a Furuta
Pendulum. State feedback control designs using the Pole Placement and LQR techniques were also
described in discrete time. Despite the nonlinear dynamics of the Furuta Pendulum, a linearization
around the desired equilibrium point was employed in the design procedure. Additionally, a state
estimator was used to estimate all unmeasured state variables necessary for feedback in the experimental
prototype.

The performance of the controllers was evaluated through two experiments, which confirmed the
effectiveness of both control approaches in stabilizing the pendulum around the desired equilibrium.
Furthermore, the experimental results validated the mathematical model adopted.

The qualitative analysis of the results indicated that the LQR controller outperformed the Pole
Placement controller in most cases. The LQR controller demonstrated smaller oscillations around the
reference than the Pole Placement controller in the practical experiments. Additionally, the LQR
controller achieved equilibrium slightly faster in simulations.
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Figure 11. Results obtained by simulation of the Furuta Pendulum considering the disturbance (68) in the

control signal.
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Figure 12. Results obtained experimentally in the Furuta Pendulum considering the disturbance (68) in the

control signal.
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The ITAE index data referring to the angle 6, (t) in the first experiment indicated better performance
for the LQR controller compared to the controller using Pole Placement, both in simulation and in the
experiment with the prototype. In this case, the biggest difference refers to the real prototype, whose
ITAE value for the LQR corresponded at 58.800% of the value for the Pole Placement. Regarding to
the angle A6,(t), even in the first experiment, the LQR controller achieved better results in the
experiment with the real prototype, but it was surpassed by the controller using Pole Placement in
simulation. In this situation, the value obtained by LQR was greater than the value for the Pole
Placement in 8.875%.

In relation to the second experiment, the values of ITAE indicated that the LQR controller obtained
better performance for both angles, 6, (t) and A8, (t), both in simulation and in the experiment with
the prototype. In this experiment, the biggest difference between the results was observed for the
angle A6, (t) in simulation, whose ITAE value for the LQR corresponded to only 19.29% of the value
obtained using the Pole Placement.

In summary, the findings show that the LQR controller provided more satisfactory ITAE index values
in seven of eight analyzed scenarios.

A level of robustness for LQR controllers and Pole Placement was also attested, as both were able to
maintain the stabilization of the rod in front of the angular variations in the arm of the Pendulum, applied
in the experiments. The highest level of robustness was observed in the second experiment, as the rod
was maintained in balance in the face of an abrupt action in the system, characterized by a variation in
the signal control, applied in a very short time interval (disturbance).

Future studies aim to implement the swing-up control strategy to initialize the experiment with
460,(t) = 0.
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