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ABSTRACT 
Out of many available optimization algorithms, classical approach to the numerical solution of a discretized 

structural optimization problem is the optimality criteria (OC) method. OC method is very efficient for solving 

the topology optimization method. OC method is used in various fields of engineering application as a very 

strong method of optimization. This paper gives an insight into the OC method. Here we evaluate scope and 

limitation of OC method and discuss the recent development in  OC method  to expand its application form  the 

optimization of a simple energy functional with a single constraint on material resource to the case of malty 

constraint. 

KEYWORDS: Topology optimization, optimality criterion method, finite element method, discretized 
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I. INTRODUCTION 

A classical approach to the numerical solution of a discretized structural optimization problem is the 

optimality criteria (OC) method. OC method has turned out to be very efficient for solving the 

topology optimization problems. We can see in the layout of structural optimization that SIMP is one 

of the gradient based density distribution methods and optimality criterion is one of the mathematical 

model which works on SIMP. 

Figure 1: Layout of structural optimization 

In contrast to the mathematical programming methods, the optimum criteria methods take advantage 

of the knowledge on the physics and mechanics of the respective problem set. A well-known and 

ascertained physical law relating to structural mechanics is for instance the Fully Stressed Design 

which can actually only are applied to statically determined structures. Regarding the optimum 

criteria methods, these criteria and the response behavior of modifications of the physical model are 

implemented into the algorithm. With suitable redesign rules, a convergence behavior is achieved 

which cannot be attained with mathematical optimizers. Applying this particular physical and 

mechanical knowledge, the optimum criteria methods remain limited to the certain application areas. 
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Applying this knowledge makes the individual optimization steps comprehensible. The optimum 

criteria are particularly well proven for shape and topology optimization where a large number of 

design variables are required. The convergence speed is independent of the number of design 

variables there are commercial programs to solve only simple topology optimization problem. 

II. THE OPTIMALITY CRITERION 

The optimality criterion is a simple method frequently used for updating the design variables. It is a 

heauristic method based on the Lagrangian function. The Lagrangin multipliers are found through an 

iterative process. 

The Lagrangian L for the optimization problem is given by 

𝐿 = 𝑐 + 𝜆(𝑉 − 𝑓𝑉0) + 𝜆1
𝑇(𝐾𝑢 − 𝑓) + ∑ 𝜆2𝑒(𝑥𝑚𝑖𝑛 − 𝑥𝑒)𝑁

𝑒=1 + ∑ 𝜆3𝑒(𝑥𝑒 − 𝑥𝑚𝑎𝑥)𝑁
𝑒=1 ,              2.1 

Where λ and 𝜆1 are the global Lagrangian multipliers and 𝜆2𝑒 and 𝜆3𝑒 are Lagrangian multipliers for 

the lower and upper side constraints. 

Optimality is found when the derivatives of Lagrangian function with respect to the design variable 

are zero: 
𝜕𝐿

𝜕𝑥𝑒
= 0, for  𝑒 = 1, 𝑁.                                                                                     2.2 

Here   
𝜕𝐿

𝜕𝑥𝑒
=

𝜕𝑐

𝜕𝑥𝑒
+ 𝜆

𝜕𝑉

𝜕𝑥𝑒
+ 𝜆1

𝑇 𝜕𝐾𝑢

𝜕𝑥𝑒
− 𝜆2𝑒 + 𝜆3𝑒                                                                 2.4 

Assuming that the lower and upper bound constraints are not active (𝜆2𝑒 = 𝜆3𝑒 = 0) and that the 

loads are design independent (
𝜕𝑓

𝜕𝑥𝑒
= 0), we obtain 

𝜕𝐿

𝜕𝑥𝑒
=

𝜕𝑢𝑡

𝜕𝑥𝑒
𝐾𝑢 + 𝑢𝑇 𝜕𝐾

𝜕𝑥𝑒
𝑢 + 𝑢𝑇𝐾

𝜕𝑢

𝜕𝑥𝑒
+λ𝑣𝑒+ 𝜆1

𝑇(
𝜕𝐾

𝜕𝑥𝑒
𝑢 + 𝐾

𝜕𝑢

𝜕𝑥𝑒
)                                                2.5 

This reduces to:  
𝜕𝐿

𝜕𝑥𝑒
=  𝑢𝑇 𝜕𝐾

𝜕𝑥𝑒
𝑢 + 𝜆1

𝑇 𝜕𝐾

𝜕𝑥𝑒
𝑢 +

𝜕𝑢

𝜕𝑥𝑒
(2𝑢𝑇𝐾 + 𝜆1

𝑇𝐾) + 𝜆𝑣𝑒                                                2.6 

Since 𝜆1
𝑇is arbitrary, it is chosen in such a way as to eliminate the derivatives

𝜕𝑢

𝜕𝑥𝑒
. 𝜆1

𝑇 is set equal to , to 

set equal to ---2𝑢𝑇, to set(2𝑢𝑇𝐾 + 𝜆1
𝑇𝐾) equal to zero.  

Hence,                 
𝜕𝐿

𝜕𝑥𝑒
= −𝑢𝑇 𝜕𝐾

𝜕𝑥𝑒
𝑢 + 𝜆𝑣𝑒 

                   = −𝑝(𝑥𝑒)𝑝−1𝑢𝑒
𝑇𝐾0𝑢𝑒 + 𝜆𝑣𝑒 = 0                                                                              2.7 

Where 𝑢𝑒
𝑇𝐾0𝑢𝑒 is the energy of a solid element with density 1. Since the strain density remain 

constant throughout the domain, the design domain, the design variable can be updated based on 

𝑝(𝑥𝑒)𝑝−1𝑢𝑒
𝑇𝐾0𝑢𝑒

𝜆𝑣𝑒
=

𝜕𝐿

𝜕𝑥𝑒

𝜆𝑣𝑒
= 𝐵𝑒

𝑘 = 1                                                              2.8 

The heuristic scheme or updating the design variable is then 

𝑥𝑒
𝑘+1 = 𝑥𝑒

𝑘 (
𝑝(𝑥𝑒)𝑝−1𝑢𝑒

𝑇𝐾0𝑢𝑒

𝜆𝑣𝑒
)

𝜍

= 𝑥𝑒
𝑘(𝐵𝑒

𝑘)𝜍                                                    2.9 

Where 𝜍 is the damping, which can from zero to one. A positive move limit 𝑚, which can also vary 

from zero to one, is introduced from zero to one, is introduced to stabilize the iteration, that is, to 

ensure that no big change in relative density is allowed between two successive iterations, so that an 

element does not go from void to solid or vice versa in one iteration. Thus, the heuristic scheme for 

updating the design variable then becomes 

𝑥𝑒
𝑘+1={

max(𝑥𝑚𝑖𝑛, 𝑥𝑒
𝑘 − 𝑚)  𝑖𝑓  𝑥𝑒

𝑘(𝐵𝑒
𝑘)𝜍 ≤ max(𝑥𝑚𝑖𝑛, 𝑥𝑒

𝑘 − 𝑚)

                            𝑥𝑒
𝑘(𝐵𝑒

𝑘)𝜍  𝑖𝑓  max(𝑥𝑚𝑖𝑛, 𝑥𝑒
𝑘 − 𝑚) < 𝑥𝑒

𝑘(𝐵𝑒
𝑘)𝜍 < min(1, 𝑥𝑒

𝑘 + 𝑚)   

min(1, 𝑥𝑒
𝑘 + 𝑚)    𝑖𝑓𝑥𝑒

𝑘(𝐵𝑒
𝑘)𝜍 ≥  min(1, 𝑥𝑒

𝑘 + 𝑚)  

 

The damping is normally set to 0.5 and its purpose is also to stabilize the iteration. The Lagrangian 

multiplier is updated iteraratively using bisection, such that the Lagrangian also satisfies the volume 

constraint.  

2.1 Scope of Optimality Criterion Method 

The type of algorithm described above has been used to great effect in a large number of structural 

topology design studies and is well established as an effective (albeit heuristic) method for solving 
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large scale problems. The effectiveness of the algorithm comes from the fact that each design variable 

is updated independently of the update of the other design variables; except for the resealing that has 

to take place for satisfying the volume constraint. The algorithm can be generalized to quite a number 

of structural optimization settings (see for example [Rozvany (1989), Rozvany (1992)]) but it is not 

always straightforward. For cases where for example constraints of a non-structural nature should be 

considered (e.g., representing geometry considerations), when non-self-adjoint problems are 

considered or where physical intuition is limited, the use of a mathematical programming method can 

be a more direct way to obtain results. Typically, this will be computationally more costly, but a 

careful choice of algorithm can make this approach as efficient as the optimality criteria method.  

The OC does not require any great programming efforts in order to solve the compliance topology 

design problem. When access to a FEM code is provided, only a few lines of extra code is required for 

the update scheme and for the computation of the energies involved. The optimality criteria method is 

closely related to the concept of fully stressed design. However, it is important to note that the specific 

strain energy is constant in areas of intermediate density, while it is lower in regions with a density 

𝜌 = 𝜌𝑚𝑖𝑛 and higher in regions with a density equal to 1.  

2.2 Limitation of Optimality Criterion Method 

Like other optimization methods OC also suffers from the problem of checkerboards, mesh 

dependence and local minima. There come some problems for which the OC method does not 

converge. One of the major limitation of OC approach is applicable to problems with only volume as 

the constraint (or “volume as the only constraint”) i.e. existing framework of OC method is limited to 

optimization of simple energy functional (compliance or eigen frequencies) with a single constraint on 

material resource.  

III. RECENT DEVELOPMENT IN OPTIMALITY CRITERION METHOD   

The optimality criteria method is typically used in situation when the number of the global constraints 

is much less than the number of the design variables. Accordingly, the number of Lagrange 

multipliers is very small, and the cost for the procedure of computing Lagrange multipliers becomes 

negligible. Viewed from this perspective, the extra computational cost on the criteria optimality 

method procedure form constraint to multiple constraints is rather minor. From the design variable 

updating procedure, we observe that computer time for the updating procedure is virtually 

independent of the present method over various method of the updating procedure of the latter, 

including the method of sequential line programming, depends on the number of design variables, 

which is unfortunately very large in a topology design problem.  

The gradient based Taylor series expansion is employed to present the relationship between 

constraints and design variables in as explicit form [4]. The computational cost for updating the 

Lagrangian multipliers is proved to be rather minor when the number of displacement constraints is 

small. The computational burden mainly comes from the analysis of various adjoin structures. 

IV. CONCLUSIONS 

The OC method is very useful for the topology optimization, its results are more accurate and 

convergence is independent of the number of design variables. It has the potential to be used as malty 

constraint method in place of single constraint function if gradient based Taylor series expansion is 

employed. Also as number of global constraints is much less than the number of design variable, so 

the number of Lagrange multipliers is very small, and the cost for the procedure of computing 

Lagrange multipliers becomes negligible. So modified version of OC can we used to improve the 

software based optimization tools to save time and energy. Using this concept other algorithms can 

also be modified to expand their area of applications. Use of improved version of OC method will 

definitely bring the revolution in the field of Topology Optimization as it will reduce our dependency 

on other less efficient methods which are used in malty constraint cases. 
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