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ABSTRACT  

The images extracted from Tomography are complex.  Tomography images like Magnetic Resonance Images 

(MRI), angiograms, X-rays or CT scanned images extracted from scanner are further reconstructed to analyze 

smallest piece or portion of the images for investigation of diseases. The MR images when they extracted from 

scanner are under-sampled, added with artifacts called interference. L1-norm technique is used to minimize 

these interferences which are like random noise. A nonlinear conjugate gradient solution is adopted to minimize 

these noises.The natural images, they are real images, added with different noises like random / speckle / white 

noise /salt and pepper noise. If they are undersampled and incoherent are reconstructed by calculating the filter 

coefficients and denoising by conjugant gradient technique. A comparison of the PSNR, SSIM, and RMSE for 

natural (both color and gray) and medical images is tabulated. Matlab Algorithms are used in this work for 

reconstruction of images.  

KEYWORDS --- conjugate gradient (CG), Compressed Sensing (CS), Magnetic Resonance Imaging (MRI), 

Sparse, Total Variance (TV), Wavelet Transforms (WT), Incoherence, Incoherent Sampling and Undersampling 

(US).  

I. INTRODUCTION 

An image is a two-dimensional array of pixel measurements on a uniform grid. MR images are 

implicitly sparse, Sparse representation means a matrix with few nonzero values. For example, 

angiograms are extremely sparse in the pixel representation. Complex medical images may not be 

sparse in the pixel representation, but they can be sparser in transform domain. To make them sparser 

Fourier transform or Wavelet Transform is used. WT is more precise transform. In this project, the 

efforts are made to remove these noises and aliasing interference. The incoherence which is 

introduced by under sample is removed by Non-linear Conjugate Gradient solution. Using L1– norm 

technique, the energy is minimized and trying to reduce noise in the data. Using Monte-Carlo Method, 

the incoherence is reduced based on number of iterations. 

Compressed sensing technique used for efficiently acquiring and reconstructing an image, by finding 

solutions to underdetermined linear systems. This gives the image’s sparseness or compressibility in 

transform domain, allowing the original image to be reconstructed by relatively few measurements. 

Images are no more complex. Brightness along a line can be recorded as a set of values measured at 

equally spaced distances apart, or equivalently, at a set of spatial frequency values. Each of these 

frequency values is referred to as a frequency component. Image which changes rapidly with high 

frequency and slowly with low frequency. 

In following sections a short description of MRI,K-space, Compressed Sensing,  FFT, Incoherence 

and Wavelet Transforms. In wavelet transform section the explanation of one level and cascading 

filters, Haar and Daubechies wavelets, quadrature mirror filter. A complete explanation of Image 

restoration using L1-norm and nonlinear conjugate gradient solution and algorithms are included. 

The results, conclusion and future work of the paper is included. And then acknowledge and latest 

references for different topics is included in this paper. 

http://en.wikipedia.org/wiki/Underdetermined_system
http://en.wikipedia.org/wiki/Sparse_matrix
http://en.wikipedia.org/wiki/Data_compression
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Block diagram of Wavelet Transformation, reconstruction of Medical images and natural images 

included. 

A table is included in this paper it is comparing the PSNR, SSIM and RMSE of different images. 

This paper also includes figures pertaining to output of the research. 

II. DESCRIPTION 

a) Magnetic Resonance Imaging (MRI) 

Magnetic resonance imaging (MRI) or magnetic resonance tomography (MRT) is a medical imaging 

technique used in radiology to visualize internal structures of the body in detail. MRI makes use of the 

property of nuclear magnetic resonance (NMR) to image nuclei of atoms inside the body. 

An MRI scanner [24] is a device in which the patient lies within a large, powerful magnet. MRI 

provides distinguish between the different tissues of the body, which is useful in imaging the brain, 

muscles, the heart and cancers compared with other medical imaging techniques such as computed 

tomography (CT) or X-rays. 

The 2D image measured and acquired by MRI scanner[24] as K-space. The image in K-plane is said 

be is undersampled and sparsed. From this plane a part or piece of the image is taken and denoised. 

This is useful for the doctors to investigate diseases present in that part of body. The values measured 

using resonance frequency of the magnetic field. 

b) K – Space 

In MRI physics, k-space [23] is the 2D or 3D Fourier transform of the MR image measured. Its 

complex values are sampled during MR measurement, in a premeditated scheme controlled by a pulse 

sequence, i.e. an accurately timed sequence of radiofrequency and gradient pulses. K-space [23] refers 

to the temporary image space, usually a matrix, in which data from digitized MR signals are stored 

during data acquisition. When k-space is full (at the end of the scan) the data are mathematically 

processed to produce a final image.  

K-space has the same number of rows and columns as the final image and is filled with raw data 

during the scan. A MR image is a complex-valued map of the spatial distribution of the transverse 

magnetization in the sample at a specific time point after an excitation. Fourier analysis asserts that 

low spatial frequencies (near the center of k-space) contain the signal to noise and contrast 

information of the image, whereas high spatial frequencies (outer peripheral regions of k-space) 

contain the information determining the image resolution. This is the basis for advanced scanning 

techniques, such as the keyhole acquisition, as shown in figure 1. 

A symmetry property exists in k-space it’s information is redundant and an image can be 

reconstructed using only one half of the k-space.  

 

Figure 1. K-space 

c) Sparse 

The images obtained from the MR scanner are sparsed. That is, sparsity is implicit in MR images. To 

make more sparser for the manipulation of complicated images. The sparse[6] representation achieved 

either by Fast Fourier Transformation or Wavelet Transformation.  

The sparse values in transform domain are called sparse coefficients or Fourier coefficients or wavelet 

coefficients. 

http://en.wikipedia.org/wiki/Medical_imaging
http://en.wikipedia.org/wiki/Radiology
http://en.wikipedia.org/wiki/Nuclear_magnetic_resonance
http://en.wikipedia.org/wiki/Medical_imaging
http://en.wikipedia.org/wiki/Computed_tomography
http://en.wikipedia.org/wiki/Computed_tomography
http://en.wikipedia.org/wiki/Medical_radiography
http://en.wikipedia.org/wiki/Physics_of_magnetic_resonance_imaging
http://en.wikipedia.org/wiki/Fourier_transform
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Using these coefficients images are manipulated and reconstructed. The image is compressed without 

loss of data either by FFT or Wavelet Transform. This process reduces image processing time and 

reduces the memory space for storage of the image. 

In MRI applications the imaging speed is very important. The speed at which data can be collected in 

MRI is limited by,   

 1. Physical (gradient amplitude and slew-rate) and  

2. Physiological (nerve stimulation) constraints.   

Therefore many researches are seeking for methods to reduce the amount of acquired data so that 

using these few data the image can be reconstructed.  

d) Compressed Sensing 

Compressed sensing(CS) also known as compressive sensing, compressive sampling [7], or sparse 

sampling is a signal processing technique for efficiently acquiring and reconstructing a signal, by 

finding solutions to underdetermined linear systems. This gives the signal's sparseness or 

compressibility in some domain, allowing the entire signal to be determined from relatively few 

measurements. 

A prominent application is Tomography, such as MRI, CT scan, and X-ray. 

Compressed sensing is redundant in many interesting signals—they are not pure noise. They contain 

many coefficients close to or equal to zero when represented in some domain. This method used in 

many forms of lossy compression. 

Solutions to Compressed sensing[7] starts with taking a weighted linear combination of samples also 

called compressive measurements in a basis in which the signal is known to be sparse. Converting the 

image back into the intended domain involves solving an underdetermined matrix equation since the 

number of compressive measurements taken is smaller than the number of pixels in the full image.  

The least-squares solution used to such problems is to minimize the L2-norm—that is, minimize the 

amount of energy in the system. 

To enforce the sparsity constraint when solving for the underdetermined system of linear equations, 

one can minimize the number of nonzero components of the solution. The function counting the 

number of non-zero components of a vector was called the L0 -"norm" by David Donoho.  

 L1 - norm, is used for compressed sensing which was introduced by Laplace, when the constructed 

images did not satisfy the Nyquist’s–Shannon criterion. Around 2004 Emmanuel Candès, Terence 

Tao and David Donoho discovered that by minimum amount of data reconstruction of an image was 

possible even though the amount of data would be insufficient by the Nyquist’s–Shannon criterion. 

This is the basis of compressed sensing. 

e) Incoherence 

Suppose we want our representation basis Ψ to be as "different" from our sampling basis Φ as 

possible. One measurement for the similarity of two bases is the coherence  

μ (Φ,Ψ) = √n. max(Φ k ,Ψ j ) ,        where 1≤ k, j ≤ n       --Eq. 1 

 which measures the maximum coherence between any two elements of Ψ and Φ. Linear algebra 

shows that the values of coherence obey μ(Ψ,Φ) Є [1,  √n]. A lower value indicates a smaller 

coherence and therefore, if μ(Ψ,Φ) = 1 the bases are called maximally incoherent. A low coherence 

value indicates that a signal which is sparse in one of the bases will have a dense representation in the 

other one. 

Undersampled[18] means the signal that does not satisfy the Nyquist’s criteria. This produces aliasing 

which are called interference in the sparse transform domain as an essential ingredient for CS[5],[6]. 

The images from MRI scanner are in random k-space exhibits a very high degree of incoherence. 

Only a random subset of k-space [3] was chosen to simplify the mathematical proofs in CS. This 

interference is incoherent and they act like Additive White Gaussian Noise. This type of random 

subset of k-space undersampled data is referred as Incoherent Sampling. 

f) Fast Fourier Transform (FFT) 

FFT is discrete transform used in Fourier analysis transforms one function which is in the time 

domain into frequency domain  representation. The input function is discrete and are created 

by sampling a continuous function, and they have limited duration. For example, the amplitude of a 

http://en.wikipedia.org/wiki/Time_domain
http://en.wikipedia.org/wiki/Time_domain
http://en.wikipedia.org/wiki/Frequency_domain
http://en.wikipedia.org/wiki/Discrete-time_signal
http://en.wikipedia.org/wiki/Sampling_(signal_processing)
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person's voice over a time.  FFT uses both sine’s and cosines complex [21],[22] values and evaluates 

frequency components to reconstruct the finite data. 

FFT used in signal processing, solving partial differential equations, for convolution operations, 

multiplying large numbers and in complex image processing.  

 FFT is given by,                 ---Eq. 2 

The Inverse FFT is used to reproduce the original data and is given by,  

 ---Eq. 3 

g) Wavelet Transforms 

A wavelet series is a representation of a square-integral (real- or complex-valued) function by a 

certain orthonormal series generated by a wavelet. Wavelet transformation is one of the most popular 

transform of the time-frequency-transformations. 

A function Ψ Є L2(R) is called an orthonormal wavelet if it can be used to define a Hilbert basis, that 

is a complete orthonormal system, for the Hilbert space L2(R) of square integral functions. The 

Hilbert basis is constructed as the family of functions {Ψjk: j, k Є Z} by means of dyadic translations 

and dilations of Ψ, 

Ψjk (x) = 2 j/2 Ψ (2 j x – k) for integers   j, k Є Z .This family is an orthonormal system if it is 

orthonormal under the inner product (Ψjk , Ψlm ﴿  = δjl δkm  where δjl is the Kronecker delta and (f,g)  is 

the standard inner product    

 on   L2(R)   --Eq. 4 

         The every function h Є L2(R)   may be expanded in the basis as 

       ---Eq. 5                                                   

   With convergence of the series to be convergence in norm. Such a representation of a function f is 

known as a wavelet series. This implies that an orthonormal wavelet is self-dual.  The integral wavelet 

transform is defined as 

 ---Eq. 6 

The wavelet coefficients  are then given by . Here, a = 2–j is called the binary 

dilation or dyadic dilation, and b = k2–j is the binary or dyadic position.  

Wavelet Transforms are used in image compression, Signal processing of accelerations for gait 

analysis, for fault detection to find spatial and temporal variability and to find Sea Surface 

Temperature . 

There are different types of wavelet transforms for specific purposes. The common ones are : Mexican 

hat wavelet, Haar Wavelet, Daubechies wavelet, Triangular wavelet. 

h) Discrete Wavelet Transforms 

 A discrete wavelet transform (DWT) [19] is any wavelet transform for which the wavelets are 

discretely sampled. A key advantage of wavelet transforms is captures both frequency and location. 

2D discrete wavelet transform [7],[8] used in JPEG2000.  

The original image is high-pass filtered, yielding the three large images, each describing local changes 

in brightness in the original image. It is then low-pass filtered and downscaled, yielding an 

approximation image; this image is high-pass filtered to produce the three smaller detail images, and 

low-pass filtered to produce the final approximation image in the upper-left. 

 Haar wavelets : The first DWT was invented by the Hungarian mathematician Alfréd Haar. For an 

input represented by a list of 2n numbers, the Haar wavelet transform is simply pair up input values, 

storing the difference and passing the sum. This process is repeated recursively, pairing up the sums 

to provide the next scale: finally resulting in 2n -1 differences and one final sum. 

http://en.wikipedia.org/wiki/Square-integrable
http://en.wikipedia.org/wiki/Real_number
http://en.wikipedia.org/wiki/Complex_number
http://en.wikipedia.org/wiki/Function_%28mathematics%29
http://en.wikipedia.org/wiki/Orthonormal
http://en.wikipedia.org/wiki/Series_%28mathematics%29
http://en.wikipedia.org/wiki/Wavelet
http://en.wikipedia.org/wiki/Hilbert_space#Orthonormal_bases
http://en.wikipedia.org/wiki/Complete_space
http://en.wikipedia.org/wiki/Orthonormality
http://en.wikipedia.org/wiki/Hilbert_space
http://en.wikipedia.org/wiki/Square-integrable_function
http://en.wikipedia.org/wiki/Dyadic_transformation
http://en.wikipedia.org/wiki/Translation_%28geometry%29
http://en.wikipedia.org/wiki/Dilation_%28operator_theory%29
http://en.wikipedia.org/wiki/Kronecker_delta
http://en.wikipedia.org/wiki/Norm_%28mathematics%29#Properties
http://en.wikipedia.org/wiki/Dual_wavelet
http://en.wikipedia.org/wiki/Sea_Surface_Temperature
http://en.wikipedia.org/wiki/Sea_Surface_Temperature
http://en.wikipedia.org/wiki/Mexican_hat_wavelet
http://en.wikipedia.org/wiki/Mexican_hat_wavelet
http://en.wikipedia.org/wiki/Haar_Wavelet
http://en.wikipedia.org/wiki/Daubechies_wavelet
http://en.wikipedia.org/wiki/Wavelet_transform
http://en.wikipedia.org/wiki/Wavelet
http://en.wikipedia.org/wiki/JPEG2000
http://en.wikipedia.org/wiki/Alfr%C3%A9d_Haar
http://en.wikipedia.org/wiki/Haar_wavelet
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 Daubechies wavelets: The most commonly used set of discrete wavelet transforms [7],[8] was 

formulated by the Belgian mathematician Ingrid Daubechies in 1988.  

 One level of the transform : The DWT of a signal  is calculated by passing it through a series of 

filters.  

First the samples are passed through a low pass filter with impulse response g resulting in a 

convolution of the two:   

 ---Eq.7 

The signal is also decomposed simultaneously using a high-pass filter h. The outputs giving the detail 

coefficients from the high-pass filter and approximation coefficients from the low-pass. The two 

filters are related to each other and they are known as a quadrature mirror filter [9],[10]. 

The filter outputs are then subsampled by 2 (Mallat's and the common notation is the opposite, g- high 

pass and h- low pass): 

       ;         ; ---Eq.8 

This decomposition has halved the time resolution since only half of each filter output characterizes 

the signal. However, each output has half the frequency band of the input so the frequency resolution 

has been doubled. 

 

With the subsampling the subsampling operator ,   ( y   k [n] )  = y [kn]  

The above summation can be written as,  y low = (x* g )  2 ; y high = (x * h)  2   ; ---Eq. 9 

 Cascading and Filter banks : The decomposition is repeated to further increases the frequency 

resolution and the approximation coefficients decomposed with high and low pass filters and then 

down-sampled. This is represented as a binary tree with nodes representing a sub-space with different 

time-frequency localization.  The tree is known as Filter Bank. 

 
At each level in the above diagram the signal is decomposed into low and high frequencies. Due to the 

decomposition process the input signal must be a multiple of where  is the number of levels. For 

example a signal with 32 samples, frequency range 0 to  and 3 levels of decomposition, 4 output 

scales are produced. 

Quadrature mirror filter : A binomial QMF is also called an orthonormal binomial quadrature mirror 

filter – is an orthogonal wavelet with perfect reconstruction (PR) [1] was designed by Ali Akansu, et 

al. published in 1990[1],[2]. These binomial-QMF filters are identical to the wavelet filters designed 

independently by Ingrid Daubechies. It was shown that the magnitude square functions of low-pass 

and high-pass binomial-QMF filters are the unique maximally flat functions in a two-band PR-QMF 

design framework. 

In digital signal processing, a quadrature mirror filter is a filter whose magnitude response is mirror 

image about π/2 of that of another filter. Together these filters are known as the Quadrature Mirror 

Filter pair. 

The different types of orthonormal wavelets are Haar, Daubechies, Coiflets Mallat, are generated by 

scaling functions which satisfy a quadrature mirror filter relationships. 

Daubechies wavelets :  The Daubechies [5],[11]wavelets have the highest number of vanishing 

moments. They are orthogonal wavelets D2-D20[16] (even index numbers only). The index number 

refers to the number N of coefficients. Each wavelet has a number of zero moments or vanishing 

moments equal to half the number of coefficients. For example, D2 (the Haar wavelet) has one 

http://en.wikipedia.org/wiki/Ingrid_Daubechies
http://en.wikipedia.org/wiki/Low_pass_filter
http://en.wikipedia.org/wiki/Impulse_response
http://en.wikipedia.org/wiki/Convolution
http://en.wikipedia.org/wiki/High-pass_filter
http://en.wikipedia.org/wiki/Quadrature_mirror_filter
http://en.wikipedia.org/wiki/Subsampling
http://en.wikipedia.org/
http://en.wikipedia.org/wiki/Subsampling
http://en.wikipedia.org/wiki/Subsampling
http://en.wikipedia.org/
http://en.wikipedia.org/wiki/Orthogonal_wavelet
http://en.wikipedia.org/wiki/Ali_Akansu
http://en.wikipedia.org/wiki/Wavelet
http://en.wikipedia.org/wiki/Ingrid_Daubechies
http://en.wikipedia.org/wiki/Digital_signal_processing
http://en.wikipedia.org/wiki/Coiflet
http://en.wikipedia.org/wiki/St%C3%A9phane_Mallat
http://en.wikipedia.org/wiki/Wavelet#Scaling_function
http://en.wikipedia.org/wiki/Haar_wavelet
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vanishing moment, D4 has two, etc. A vanishing moment limits the wavelet's ability. D4 encodes 

polynomials with two coefficients, i.e. constant and linear signal components; and D6 encodes 3-

polynomials, i.e. constant, linear and quadratic signal components. 

The scaling functions for D2-20, The wavelet coefficients are derived by reversing the order of the 

scaling function coefficients and then reversing the sign of every second one, (i.e., D4 wavelet = {-

0.1830127, -0.3169873, 1.1830127, -0.6830127}). Mathematically, this looks like  

, where, k is the coefficient index, b is a coefficient of the wavelet sequence 

and a is a coefficient of the scaling sequence. N is the wavelet index, i.e., 2 for D2. 

Forward DWT : One computes recursively, starting with the coefficient sequence and counting 

down from k=J-1 down to some M<J, single application of a wavelet filter bank, with filters g=a*, 

h=b* 

  or          -- Eq. 10 

and 

 or         --- Eq.11 

For k=J-1,J-2,...,M and all . In the Z-transform notation: recursive application of the 

filter bank  

III. BLOCK DIAGRAM OF WAVELET TRANSFORMS 

 

The downsampling operator  reduces an infinite sequence, given by its Z-transform, which is 

simply a Laurent series, to the sequence of the coefficients with even indices,       

.  ---Eq. 12 

Load the brain image ,[have mask and pdf of that for 

uniform distribution] image = im 

To find  Wavelet Transform 

Select Filter type=’Deubechies’ 

Filter size = 4 to 20 can be selected 

Calculate 2D Inverse wavelet Transform (IWT) of  

the image To calculate IWT of image take 

convolution of FWT image & qmf coefficients 

Find 2D Forward Wavelet Transform (FWT)To 

calculate FWT of image take convolution image & 

qmf coefficients 

 

To calculate the Soft Threshold of the Complex wave  

for lambda = 0.02 

 

Quadrature Mirror filter (qmf) of selected Filtertype & 

filtersize taken from the table of qmf filter coefficients  

Display the absolute value of the brain data 

Display the denoised image using wavelet transforms 

http://en.wikipedia.org/wiki/Quadratic_polynomial
http://en.wikipedia.org/wiki/Wavelet#Scaling_function
http://en.wikipedia.org/wiki/Discrete_wavelet_transform
http://en.wikipedia.org/wiki/Recursion
http://en.wikipedia.org/wiki/Downsampling
http://en.wikipedia.org/wiki/Z-transform
http://en.wikipedia.org/wiki/Laurent_series
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   The starred Laurent-polynomial  denotes the adjoint filter, it has time reversed adjoins 

coefficients    

  ---Eq.13 

(The adjoint of a real number being the number itself, of a complex number its conjugate, of a real 

matrix the transposed matrix, of a complex matrix its hermitian adjoint). 

Multiplication is polynomial multiplication, which is equivalent to the convolution of the coefficient 

sequences. It follows that  

  ---Eq. 14 

is the orthogonal projection of the original signal f or at least of the first approximation          Pj[f](x) 

onto the subspace Vk, that is, with sampling rate of 2k per unit interval. The difference to the first 

approximation is given by Pj[f](x) = Pj[f](x) + Dk[f](x) +…+ Dj-1[f](x) where, the difference or detail 

signals are computed from the detail coefficients as 

   ---Eq. 15 

 where, Ψ denotes the mother wavelet of the wavelet transform.  

Inverse DWT  : Given the coefficient sequence for some M < J and all the difference sequences 

, k=M,...,J-1, one computes recursively, 

   or     

---Eq.16 

For, k=J-1,J-2,...,M and all . In the Z-transform notation. The upsampling operator  creates 

zero-filled holes inside a given sequence. That is, every second element of the resulting sequence is an 

element of the given sequence, every other second element is zero or 

    ---Eq. 17 

This linear operator is, in the Hilbert space , the adjoint to the downsampling operator .  

For eg.  Fig 2.D4 Forward WT 

 
And  Fig 3. D4 Inverse WT  

 

IV. IMAGES RESTORATION 

The Image Restoration Technique involves two methods,  

1. Constrained method  

2. Unconstrained method.                   

In both the methods,  the image restoration achieved by Least Square Minimization solution. 

1. In constrained Method a linear algebraic method is used. This is the processes of nonlinear image 

reconstruction to the CS setting. Suppose,    ‘ m ‘  is the image of interest in a vector ,  

http://en.wikipedia.org/wiki/Linear_subspace
http://en.wikipedia.org/wiki/Upsampling
http://en.wikipedia.org/wiki/Hilbert_space
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Let  ‘ψ’  denote the linear operator that transforms from pixel representation into a sparse 

representation, and   

Let  ‘Fu’ be the undersampled Fourier transform, corresponding to one of the k-space  

The reconstruction is obtained by solving the following constrained optimization problem is by:   

minimize || Ψm||1                    and              To Show that ||Fum− y||2    <   ε .      ---Eq 18 

Here m is the reconstructed image, where y is the measured k-space data from the scanner and є 

controls the fidelity of the reconstruction to the measured data. 

 The threshold parameter є is usually set below the expected noise level. The objective function is the 

L1
 norm, which is defined as || x ||1  = ∑i  ׀xi׀ . Minimizing    || Ψm||1     promotes sparsity.  The 

constraint    ||Fum− y||2    <   ε    enforces data consistency. In words, among all solutions which are 

consistent with the acquired data, in the above equation finds a solution which is compressible by the 

transform ψ. 

When finite-differences are used as a sparsifying transform, the objective is often referred to as Total-

Variation(TV), since it is the sum of the absolute variations in the image. The objective then is usually 

written as TV(m). Even when using other sparsifying transforms in the objective, it is useful to 

include a TV penalty[24]. Total variation denoising, also known as total variation regularization. It is 

a process, used in digital image processing, that has applications in noise removal. It is based on the 

principle that signals with excessive and possibly spurious detail have high total variation, that is, the 

integral of the absolute gradient of the signal is high. According to this principle, reducing the total 

variation of the signal a close match to the original signal, removes unwanted detail while preserving 

important details such as edges. The concept was developed by Rudin et al. in 1992. 

This noise removal technique has advantages over simple techniques such as linear smoothing or 

median filtering which reduce noise but at the same time smooth away edges to a greater or lesser 

degree. By contrast, total variation denoising is effective at simultaneously preserving edges and 

smoothing away noise in flat regions, even at low signal-to-noise ratios. 

for a digital signal , we can, define the total variation as:                -

-Eq.19                

Given an input signal ,  the total variation denoising is used to find an approximation, let  it be , 

that has smaller total variation than   but is "close" to . One measure of closeness is the sum of 

square errors: 

              ---Eq.20 

So the total variation denoising problem amounts to minimizing the following discrete functional over 

the signal :  

          ---Eq.21 

By differentiating this functional with respect to , we can derive a corresponding Euler-Lagrange 

equation, that can be numerically integrated with the original signal   as initial condition. Since this 

is a convex functional, techniques from convex optimization can be used to minimize it and find the 

solution of  . 

  is a called regularization parameter play a critical role in the denoising process. 

When, , there is no denoising and the result is the same as the input signal. 

, the total variation term plays a strong role, which forces the result to have smaller total 

variation, at the expense of being less like the input (noisy) signal. Thus, the choice of regularization 

parameter is critical to achieving just the right amount of noise removal. The total variation norm is,    

   ----Eq. 22 

A variation that is sometimes used, since it may sometimes be easier to minimize, is an anisotropic 

version 

   ---Eq.23 

The standard total variation denoising problem is still of the form      where E is 

the 2D L2-norm.   

This can be considered as requiring the image to be sparse by both the specific transform and finite-

differences at the same time. 

http://en.wikipedia.org/wiki/Image_processing
http://en.wikipedia.org/wiki/Total_variation
http://en.wikipedia.org/wiki/Gaussian_blur
http://en.wikipedia.org/wiki/Median_filter
http://en.wikipedia.org/wiki/Digital_signal
http://en.wikipedia.org/wiki/Euler-Lagrange_equation
http://en.wikipedia.org/wiki/Euler-Lagrange_equation
http://en.wikipedia.org/wiki/Convex_function
http://en.wikipedia.org/wiki/Convex_optimization
http://en.wikipedia.org/wiki/L2_norm#Euclidean_norm
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 In this case equation can be written as,   minimize || Ψm||1 + α TV(m)  and  to Show that ||Fum− y||2    

<   ε    ---Eq. 24       

                                                                where,  α  trades  ψ  with finite-differences sparsity. 

Minimizing the L1 - norm of an objective result in a sparse solution. 

On the other hand, minimizing the L2-  norm, which is defined as      || x ||2  = ( ∑i ׀xi2׀)½      ---Eq. 24          

Special purpose methods for solving the above equation when CS was first introduced. Proposed 

methods include: interior point methods projections onto convex sets, iterative soft threshold ,and 

iteratively reweighted least squares. In the following chapter it is described, using non-linear 

conjugate gradients and backtracking line-search. 

V. NON-LINEAR CONJUGATE GRADIENT SOLUTION OF CS OPTIMIZATION 

PROCEDURE 

Gradient [19], [20] is the pixel intensity of the image which increases horizontally or vertically. The 

gradient (or gradient vector field) of a scalar function f(x1, x2, x3, ...,xn) is denoted f  or where 

 (the nabla symbol) denotes the vector differential operator, del. The notation "grad(f)" is also 

commonly used for the gradient. The gradient of f is defined as the unique vector field whose dot 

product with any vector v at each point x is the derivative of f along v. That is,                        

( f(x)). v = Dv f(x) .  ||Fum− y||2 is a constrained convex optimization problem [19]. 

 

2. Consider the unconstrained problem in so-called Lagrange form:   

       

argmin  ||Fum− y||2 2    +   λ  || Ψm||1   ---Eq.25 

    

Where, ‘λ’ is a regularization parameter that determines the trade-off between the data consistency 

and the sparsity. The parameter ‘λ’ can be selected appropriately such that the solution of above is 

exactly as same as constrained convex optimization. The value of ‘λ’ can be determined by solving 

equation for different values, and then choosing ‘λ’ so that      

        

||Fum− y||2    <   ε          --Eq.26 

For a quadratic function f(x):             f(x) = ||Fum− y||2            ---Eq. 27 

The minimum of f is obtained when the gradient is 0:            xf =2 Fu′ (Fu m–y) =0  ---Eq. 28 

Where as linear conjugate gradient seeks a solution to the linear equation Fu' Fu m = Fu' y, the 

nonlinear conjugate gradient method is generally used to find the local minimum of a nonlinear 

function using its gradient xf alone. It works when the function is approximately quadratic near the 

minimum, which is the case when the function is twice differentiable at the minimum. 

Given a function f(x) of N variables to minimize, its gradient xf  indicates the direction of maximum 

increase. One simply starts in the opposite (steepest descent) direction:   Δx0   =   - xf(x0 ) with an 

adjustable step length  α and performs a line search in this direction until it reaches the minimum of  f 

:      α  = arg min f(x0  + α Δx0 )              

  x1 =  x0 + α0 Δx0          After this first iteration in the steepest direction Δx0 , the following steps 

constitute one iteration of moving along a subsequent conjugate direction Sn , where S0 = Δx0 : 

1. Calculate the steepest direction: Δxn   =   - xf(xn ), 

2. Compute βn according to one of the formulas  below, 

3. Update the conjugate direction: Sn = Δxn   + βn Sn-1 

4. Perform a line search: optimize αn = argmin f(xn  + α ΔSn), 

5. Update the position:      , 

With a pure quadratic function the minimum is reached within N iterations, but a non-quadratic 

function will make slower progress. Subsequent search directions lose conjugacy requiring the search 

direction to be reset to the steepest descent direction at least every N iterations, or sooner if progress 

stops. However, resetting every iteration turns the method into steepest descent. The algorithm stops 

when it finds the minimum, determined when no progress is made after a direction reset  or when 

some tolerance criterion is reached. 

http://en.wikipedia.org/wiki/Nabla_symbol
http://en.wikipedia.org/wiki/Differential_operator
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http://en.wikipedia.org/wiki/Dot_product
http://en.wikipedia.org/wiki/Euclidean_vector
http://en.wikipedia.org/wiki/Gradient
http://en.wikipedia.org/wiki/Maxima_and_minima
http://en.wikipedia.org/wiki/Gradient
http://en.wikipedia.org/wiki/Steepest_descent
http://en.wikipedia.org/wiki/Line_search
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Within a linear approximation, the parameters α and β are the same as in the linear conjugate gradient 

method but have been obtained with line searches. Three of the best known formulas for  are titled 

Fletcher-Reeves (FR), Polak-Ribière (PR), and Hestenes-Stiefel (HS) after their developers. They are 

given by the following formulas: 

 Fletcher–Reeves:                                ---Eq.29 

 Polak–Ribière:                     ---Eq. 30 

 Hestenes-Stiefel:                    ---Eq. 31 

These formulas are equivalent for a quadratic function, but for nonlinear optimization the preferred 

formula is a matter of heuristics or taste. A popular choice is β = max{0, βPR}  which provides a 

direction reset automatically. But the α and β are fixed values taken as constant. 

The RMS value of two data is calculated by the formula, :   

   ---Eq. 32 

Peak Signal to Noise Ratio(PSNR) is used to measure the quality of reconstruction of lossy 

compression codec’s. The signal in this case is the original data, and the noise is the error introduced 

by compression. When comparing compression codecs, PSNR is defined as, PSNR = 10. log10 

(MAX12/MSE);   PSNR = 20. log10 (MAX1) - 10.log10 (MSE)     ---Eq. 33 

MAXI is the maximum possible pixel value of the image. And MSE is the root mean square error 

value.  PSNR of the reconstructed image is between 30dB to 50dB approximately. 

The structural similarity (SSIM) index is a method for measuring the similarity between two images. 

The SSIM index is a the measuring of image quality based on an initial uncompressed or distortion-

free image as reference. SSIM is designed to improve peak signal-to-noise ratio (PSNR) and mean 

squared error(MSE). 

The iterative algorithms for L1-norm can be written in following manner: 

Input parameters, 

                   y  - k-space measurements 

                  Fu - undersampled Fourier operator associated with the measurements - sparsifying 

transform operator 

                   λ  -  a data consistency tuning constant 

Optional Parameters: 

               TolGrad  -  stopping criteria by gradient magnitude (default 10−4) 

              MaxIter-  stopping criteria by number of iterations (default 100) 

              α,     β      -  line search parameters (defaults α = 0.05, β = 0.6) 

Output: 

              M – the numerical approximation.  

Step  1- Iterations 

Step 2 -  Backtracking line search: means from highest value till the minimum value the process is 

iterated. 

Step  3 - The conjugate gradient requires the computation of  f( m) which is, 

-- 

Step 4 - The L1 norm is the sum of absolute values. The absolute value function  is not a smooth 

Function and as a result is not well defined for all values of ‘m’. Instead, we approximate the absolute 

value with a smooth function   by using the relation,            ,  where μ is a 

positive smoothing parameter. 

Step 5 - Differentiating above equation we get,           

Step 6 – If W is the diagonal matrix the elements are,           

Step 7 – Then the conjugate gradient can be approximated as,   

The smoothing factor for this equation is        The number of CG iterations depends 

on images to images. 
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VI. BLOCK DIAGRAM OF MEDICAL IMAGES 

 

VII. BLOCK  DIAGRAM  FOR  NATURAL IMAGES 

     

          
 

 

Load brain data [contains mask & uniform 

probability distribution function provided from 

Berkeley Standard]  

Data - im 

Mask, pdf value for uniform distribution, phase 

estimation & phase correction   

Estimation of l1 – non linear conjugate 

gradient solution for reconstruction by 

equation argmin   ||Fum− y||2 2    +   λ  || Ψm||1 

Lambda is selected such that it should satisfy 

the equation ||Fum− y||2    <   ε     

 

Scale the data  

 

Take Discrete Fourier Transform or Fast 

Fourier Transform or Discrete Wavelet 

Transform of the image  

Configuration of l1 – reconstruction  parameters  

Estimate PSNR, RSME & SSIM 

Display the Results 

Line search and iterations up to 200 
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VIII. RESULTS 

In this paper the scanned image assumed to be  consists of inteference by undersampling. To denoise 

and reconstruct it  a piece or part of image is considered, masked and taken probability distribution 

function and reconstructed.  PSNR, RMSE[4] and SSIM of it is calculated the result is as shown 

below. In fig.2 a original image of MRI brain. Fig.3.it is masked added with interference and fig.5 

shows the piece of the same image and reconstructed we can see the denoised using L1- norm 

nonlinear conjugate gradient solution as explained in the previous session. Fig 6. Shows the 

Histogram of the original, noisy and denoised image it is obsereved that a good denoising 

improvement.  

                             

Fig.2. Original image                                                     Fig.3. Noisy brain image 

 

Fig.4. Comparing original and noisy image 

 

 Fig .5.Brain MRI Image   Part of the brain image extracted denoised and reconstructed 

 

Fig 6. Histogram of the brain 
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Comparison of PSNR, MSE and SSIM for different images is tabulated in Table.1.  

 Similarly, the concept of nonlinear conjugate gradient solution is applied to natural images (for both 

color and gray) where they are undersampled and added with different types of noise. The different 

noises with different sigma values applied and output is observed with Histograms. In case of natural 

images logarithmic values are considered. 

IX. CONCLUSION 

 The images scanned from MRI scanner are further reconstructed for the use of doctors for 

investigation of diseases. The images are compressed by Wavelet transform. By WT the edges of 

complex images are detected and phase encodes are calculated. By minimizing energy using L1 – 

norm the hidden objects are detected. By using Non-linear conjugate gradient the incoherence of the 

image is minimized. Using backtracking line-search the percentage of error is reduced with minimum 

error.  Using Monte-Carlo Method, the interference in the undersampled image are minimized. 

Finally, PSNR, SSIM and RMSE are tabulated for different images. It is found that the RMSE is 

reduced. The PSNR and SSIM are improved approximately about 90%. 

In the case of natural images 95% of the added noise is removed. Even though the percentage of noise 

(sigma value) is high the noise is removed with filter coefficients and many iterations and logarithm 

conjugate gradient method. It is tested for both color and grey images. Here also PSNR, SSIM and 

RMSE are improved.  

Using this technique i.e. MRI Image Reconstruction using non linear conjugate gradient solution 

small piece of the complex image can be separated and the defects in that piece of image can be 

detected. It is very helpful to doctors to detect the defects in sensitive parts of the body.  

X. FUTURE WORK 

 This concept can be adapted to T2 weighted multi-slice data of a brain. This concept is enhanced for 

video images as well as 3D images. This can be adapted to multi-slice fast spin-echo brain imaging 

also. Using the same CS reconstruction concept 5-fold acquisition data can be reconstructed. 

Table 1.  Comparison of psnr, rmse and ssim for different images 

 

SL 

NO 

 

IMAGE 

PSNR(IN DB) SSIM(IN DB) RMSE 

Noisy Denoise Noisy Denoise Noisy Denoise 

1 Parrot 

(color) 

5.17 13.91 0.58 0.83 27.71 16.76 

2 Elephant 

(color) 

7.64 16.27 0.53 0.89 14.99 14.99 

3 Lena 

(color) 

6.89 13.25 0.55 0.72 31.84 31.84 

4 Brain 

(medical) 

27.78 40.56 0.99 1.00 0.026 0.00675 

5 Phantom 

(medical) 

21.89 43.98 0.48 0.99 5.74 0.113 

6 Hero 

(color) 

5.67 13.15 0.68 0.77 29.63 29.63 

7 Lena 

(B&W) 

7.30 15.20 0.72 0.87 23.84 23.84 

8 Peppers 

(B&W) 

6.85 16.29 0.80 0.87 39.87 8.3 

9 Deer 

(color) 

6.31 14.78 0.50 0.70 22.24 16..25 

10 Barbara 

(B&W) 

7.19 11.98 0.49 0.67 25.72 12.85 
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